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Abstract. The current status of bound state quantum electrodynamics
calculations of transition energies for few-electron ions is reviewed. Evaluation
of one and two body QED correction is presented, as well as methods to
evaluate many-body effects that cannot be evaluated with present-day QED
calculations. Experimental methods, their evolution over time, as well as progress
in accuracy are presented. A detailed, quantitative, comparison between theory
and experiment is presented for transition energies in few-electron ions. In
particular the impact of the nuclear size correction on the quality of QED tests
as a function of the atomic number is discussed. The cases of hyperfine transition
energies and of bound-electron Lande´ g-factor are also considered.
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1. Introduction
Quantum electrodynamics (QED), the theory of photons and electrons [1], was the
first quantum field theory, and the model for the other interactions included in the
Standard Model of particle physics. QED was born with the discovery by Lamb &
Retherford [2] that the degeneracy between the 2s1/2 and 2p1/2 states in hydrogen,
as predicted by the Dirac equation, was not observed experimentally. This fact,
together with the discovery of the anomalous magnetic moment of the electron [3], led
Bethe [4], Feynman [5, 6], Schwinger [7–10] and Tomonaga [11–13] to propose QED
as the physical description of the electromagnetic interaction, compatible with special
relativity and quantum physics, which was followed by work from Dyson on bound
states and convergence of the theory [14–16].
With the advent of lasers, atomic hydrogen spectroscopy has continually
progressed, contributing to tests of QED and to regular improvements in the accuracy
of the determination of the Rydberg constant. The increase in accuracy of the
measurements has been constant and the number of lines measured rather large.
Nowadays, the 1S − 2S transition in hydrogen is known to 10 Hz [17], thanks to
the use of frequency combs. The 1S−3S transition has been also measured with good
accuracy [18], as well as the 2S−4P [19]. Earlier measurements of 2S−nl transitions
have been summarized in [20]. Yet, progress in the accuracy of the determination of
the Rydberg constant finally stopped following progress in the accuracy of hydrogen
spectroscopy at the end of the 1990’s. The reason was that, assuming that all
needed theoretical contributions are known, there are two unknowns in the theory-
experiment comparison: the Rydberg constant and the proton charge radius. At the
end of the 1990’s, the uncertainty in the proton radius, which was then measured
by electron scattering, became a limiting factor and it was decided to perform an
independent, high-accuracy measurement using muonic hydrogen. A proposal was
submitted and accepted at the Paul Scherrer Institute [21]. This led to a very accurate
measurement of the proton charge radius [22,23], with a very large discrepancy of 7σ
with respect to the value deduced from hydrogen spectroscopy in the 2010 CODATA
evaluation [24, 25]. This has become known as the proton size puzzle, and is still not
resolved today. The problem is the same for the deuterium charge radius, while the
H-D isotopic shift is in good agreement [26]. There is also a discrepancy of 5σ for
the muonic deuterium 2S hyperfine structure as pointed out in [27]. An alternative
attempt to resolve this problem has also been pursued at NIST [28,29]. It consists in
measuring the Rydberg constant by doing the spectroscopy of circular, high-n Rydberg
states in one-electron medium-Z ions [30,31], which are insensitive to both QED and
finite nuclear size corrections.
Helium has also been studied in great details. There are accurate measurements of
both the 1s2p→ 1s2 transitions [32–35] , and of the fine structure [36–47]. Here again
there are some discrepancies between measurements, e.g., the isotopic shift between
3He and 4He [48]. The progress in accuracy, and the concomitant development of the
theory of the helium fine structure, aims at providing an independent way of measuring
the fine structure constant α, and to compare the nuclear size of He isotopes through
the isotopic shift.
In parallel to this quest for a more accurate understanding of the simplest
atoms, progress in experimental techniques has opened other ways of testing
quantum electrodynamics in bound state systems (BSQED). In the non-relativistic
approximation, the binding energy of an electron in an orbit of principal quantum
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number n is given by
ENR(n) = − (Zα)
2
n2
mec
2, (1)
where α is the fine structure constant, Z the atomic number, me the electron mass
and c the speed of light The lowest-order (one loop) QED corrections behave as
E
(1)
QED(n, `, j) =
α
pi
(Zα)4
n3
F
(1)
(n,`,j) (Zα)mec
2, (2)
where F
(1)
(n,`,j) is a slowly varying function of Zα, ` the angular momentum, and j the
total angular momentum. Going to high-Z allows to have a ratio of QED contributions
to transition energy that grows like Z2.
The progress in the spectroscopy of few-electron ions came though the use of
complementary devices. The development of heavy-ion accelerators for nuclear physics
led to the birth of a technique called beam-foil spectroscopy [49]. The original aim
was to measure oscillator strengths for the determination of elemental abundances in
astrophysics [50]. In this method, a beam of low-charged ions is passed through a thin
foil (usually carbon). The electrons with orbital speeds slower or equal to the beam
speed are ionized. A second, usually thiner, foil is used to recapture an electron in
an excited state, and the de-excitation is observed with a suitable spectrometer. This
method also allowed to measure lifetimes of metastable levels [51].
Beam-foil spectroscopy, with the use of more and more powerful accelerators like
ALICE in Orsay, the Super-HILAC and BEVALAC at LBNL in Berkeley, the UNILAC
and SIS at GSI, Darmstadt, the GANIL in Caen, and ATLAS at Argonne National
Laboratory, has allowed to observe and measure transition energies and lifetimes in
hydrogenlike, heliumlike and lithiumlike ions up to bismuth [52] and uranium [53–55].
The development of high-power lasers and tokamaks also enabled the spectroscopy
of highly-charged ions. For example, the measurements of transition energies in
hydrogenlike and heliumlike ions with 11 ≤ Z ≤ 23 were performed using laser-
generated plasmas [56]. Vacuum spark devices were also used, providing transition
energies in heliumlike ions with 16 ≤ Z ≤ 39 [57]. The TFR tokamak in Fontenay
aux Roses near Paris [58,59], and the PLT and TFTR tokamaks at Princeton [60–67],
ALCATOR C [68] and JET in England [69–71] were used to perform measurements
of transition energies in few-electron ions, including transitions in core-excited ions,
often called satellite transitions.
Astrophysical observations have also provided accurate relative measurements,
for example in solar flares, for one, two [72] and three electron systems [73].
After this initial phase of discovery measurements, new techniques emerged,
designed to provide better accuracy and cleaner spectra at high-Z. These approaches
were born from the realization, rather early, that the methods of non-relativistic QED
(NRQED), which provides an expansion in Zα and log (Zα) of the function F (Zα)
defined in equation (2), do not converge at high-Z [74, 75]. It is also necessary to
test the next order of QED corrections (the two-loop corrections), which are of order
α
pi ≈ 2.3 × 10−3 times smaller than the one-loop corrections. Finally, more accuracy
is needed to be able to disentangle QED corrections from nuclear effects, like nuclear
polarization and the finite nuclear size correction, which becomes larger than QED
effects for inner shells at high-Z [76–81].
To that aim, a variety of techniques have been used to reduce the uncertainty due
to Doppler effect. For example, the accel-decel method where the ions are stripped
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after acceleration in a part of the accelerator and decelerated afterwards towards
a gas cell where electron capture is performed. Combined with measurements at
several decelerated beam energies, this method allowed to reduce the doppler effect
uncertainty [82,83]. There were also experiments comparing different lines of the same
hydrogenlike ion, following the method developed for hydrogen [84]. The iron [85]
and germanium [86] Lyman α 2P3/2 → 1S1/2 and Balmer 4D5/2 → 2P3/2 energies
have been compared, in fourth and first order respectively, using two curved crystal
spectrometers symmetric with respect to the beam axis and 2D detectors. The Balmer
line energy is very weakly dependent on QED and nuclear size, and is thus used as
an internal reference, affected by the same Doppler effect as the calibrated line. In
another method, the impact of a fast uranium beam on an argon gas target produced
very slow recoil ions that could be studied by x-ray spectroscopy [87,88].
Another method developed for spectroscopy of highly charged ions is resonant
coherent excitation in thin crystals. This method uses the fact that the electric field
due to regularly spaced atoms in a crystal is seen in the reference frame of a fast
ion beam as a coherent source of light, which can excite transitions (see [89] for an
early review). The first observation in light hydrogenlike (5 ≤ Z ≤ 9 and heliumlike
(F7+) ions was performed by Datz et al [90] and the method was then used in heavier
elements thanks to high-energy accelerators [91,92].
The main progress came from the use of storage rings with electron cooling, like
CRYRING in Stockholm, TSR in Heidelberg or ESR in Darmstadt. The cooling allows
to reduce the energy and momentum dispersion of the ions in the beam, reducing the
Doppler broadening of the x-rays emitted by the ions. The cooling also forces the ions’
speed to be the same as that of the electrons, thus enabling a better measurement
of the Doppler shift. It is also possible to decelerate the ions to do measurements at
different velocities and obtain a more accurate Doppler correction. The most accurate
measurement of the hydrogenlike uranium 1s Lamb shift comes from a measurement
at the ESR [93]. It also became possible to use radiative electron capture [94–97] or
dielectronic recombination [98–100] to excite the ions. This method has allowed to
study, for example, 2p→ 2s transitions in lithiumlike gold, lead and uranium [99].
Another important progress came from the use of low-energy electron beam ion
traps (EBIT). In these sources, a monoenergetic electron beam traveling along the
axis of a Helmholtz coil ionizes injected atoms [101]. The space charge of the beam
traps the ions radially and a set of electrodes traps them longitudinally. The atoms
can be ionized in specific charge states by varying the electron beam energy. After
the successful demonstration of dielectronic recombination in an electron beam ion
source (an earlier version of this device with a much longer trapping area) [102], the
EBIT became an instrument of choice for HCI spectroscopy. Up to now, however,
they have not been able to perform spectroscopy of the heaviest hydrogenlike and
heliumlike ions. The Super EBIT in Livermore has however allowed to do accurate
measurements of the 1s22p 2P1/2 transition in lithiumlike uranium [103].
In the last few years, EBITs have also been used to perform reference-free
spectroscopy at the Max Planck institute of Nuclear Physics in Heidelberg. The
use of a flat crystal spectrometer with a precision angular encoder and a laser
system able to position very precisely the x-ray detector allows measurements
at two angles, symmetric with respect to the optical axis. In this way it is
possible to obtain directly the Bragg angle from the difference in angle between
the two spectra [104]. This allowed reference free measurements of hydrogenlike
and heliumlike 2p → 1s transitions in sulfur, chlorine, argon and iron with few
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ppm accuracy [105, 106]. The use of EBITs, in combination with monocromatized
x-rays from a synchrotron radiation facility (PETRA III) allowed to make very
accurate measurements in heliumlike krypton relative to x-ray K-edges [107]. A very
promising new method, combining EBIT and x-ray free electron lasers (XFEL), has
been demonstrated, allowing to measure 1s22p 2P1/2 → 1s22s 2S1/2 transitions in
lithiumlike iron and copper [108, 109]. This technique will probably become very
important, once calibration and monochromator issues are resolved and that reference-
free measurements are made possible.
At the same time, the use of electron-cyclotron ion sources (ECRIS), which are
able to trap many more ions than EBITs, have been used with a vacuum double
crystal spectrometer [110] to provide reference-free accurate measurements of 2p→ 1s
transitions in heliumlike [111,112] and core-excited lithiumlike [113] and berylliumlike
[112] argon ions.
Other techniques have been proposed, which, although they cannot give the level
of accuracy required in modern experiments, could have important applications. For
example, the study of x-rays emitted in collisions between an ion with a K-hole
(bare or hydrogenlike) as a function of the impact parameter allows a measurement
of atomic transition energies in the compound nucleus, when extrapolating to zero
impact parameter. This method has been tested in Cl17+ on Ar collisions, providing
Br x-rays [114,115]. Such experiments could allow for the spectroscopy of transitions
between inner shells in superheavy elements around the critical Z ≈ 173 when the
1s shell dives into the negative energy continuum [116]. Astrophysics applications are
also very important, for example the analysis of the high-resolution X-ray observations
of the Perseus cluster by the HITOMI satellite [117].
Several reviews have focused on photon emission [118], or on applications of
highly-charged ions for precision physics and atomic clocks [119]. Here I will present
a detailed analysis of the agreement between theory and experiment for few-electron
ion transition energies, and of the hyperfine energies and Lande´ g-factor as means to
test QED. This review is structured as follows. In Sec. 2, I will present the principles
of QED and relativistic many-body calculations of transition energies in few-electron
heavy ions (Section 2.1). I will then discuss the experimental results and comparison
with experiment in section 2.2 for one-, two- and three-electron systems. Then I will
discuss other operators besides energy in Sec. 3. In Sec. 3.1 I will describe major
results for the hyperfine structure measurements and theory in few electron systems
and in Sec. 3.2 the Lande´ g-factors. Section 4 is the conclusion.
2. Transition energies
2.1. Theory for few-electron ions
The relevant theory for calculating accurate transition energies in atoms is bound-state
quantum electrodynamics (BSQED). This theory is based on the Furry bound picture
[120]. The calculation starts from the unperturbed Coulomb Dirac Hamiltonian HD,
which contains the field of the nucleus VN ,
HD = cα · p+ βmc2 + VN (r) (3)
This has the consequence that this Coulomb field is included to all orders in the
evaluation of all relevant quantities. The electron-electron interaction is treated as a
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perturbation
V,g = gHIe
−|t|, (4)
where
HI = j
µAµ − δM(x). (5)
Since the electromagnetic field can act at an infinite distance, the introduction of
the e−|t| parameter is needed to turn off adiabatically the interaction at t = ±∞ to
recover the unperturbed states. Here,
jµ = −e
2
[
ψ¯(x)γµ, ψ(x)
]
(6)
is the 4-current,
δM(x) =
δm
2
[
ψ¯(x), ψ(x)
]
(7)
is the mass counter-term needed for a proper definition of perturbation theory, g is a
perturbation parameter, e is the electron charge, Aµ is the photon 4-vector operator,
and ψ(x) is the electron Dirac field operator. We also define ψ¯ = ψ†γ0.
The evaluation of the perturbation contributions is done through the use of the
adiabatic evolution operator
U,g (t1, t2) = Te
−i ∫ t2t1 dtV,g(t) , (8)
where T is the time ordering operator. This operator enables one to define the
adiabatic S-matrix S,g = limt→∞ U,g(−t, t). An unperturbed state with p electrons
and no real photons is denoted |Np; 0〉 = |n1, . . . , np; 0〉, with an unperturbed energy
given by E0Np =
∑p
k=1Enk . Here nk represents the state of electron k. The energy of
this state including the effect of the perturbation from (5) is given by the Gell-Mann
and Low theorem [121,122], as symmetrized by Sucher [123]:
∆ENp = lim
→0
g→1
ig
2
∂
∂g
log 〈Np; 0|S,g |Np; 0〉 . (9)
The S-matrix is then expanded in powers of g as presented in e.g., [124, 125]).
One obtains
g
∂
∂g
log 〈S,g〉C
∣∣∣∣
g=1
=
〈
S
(1)
,1
〉
C
+ 2
〈
S
(2)
,1
〉
C
+ 3
〈
S
(3)
,1
〉
C
+ · · ·
1 +
〈
S
(1)
,1
〉
C
+
〈
S
(2)
,1
〉
C
+
〈
S
(3)
,1
〉
C
+ · · ·
=
〈
S
(1)
,1
〉
C
+ 2
〈
S
(2)
,1
〉
C
−
〈
S
(1)
,1
〉2
C
+ 3
〈
S
(3)
,1
〉
C
− 3
〈
S
(1)
,1
〉
C
〈
S
(2)
,1
〉
C
+
〈
S
(1)
,1
〉3
C
+ 4
〈
S
(4)
,1
〉
C
− 4
〈
S
(1)
,1
〉
C
〈
S
(3)
,1
〉
C
− 2
〈
S
(2)
,1
〉2
C
+ 4
〈
S
(1)
,1
〉2
C
〈
S
(2)
,1
〉
C
−
〈
S
(1)
,1
〉4
C
, (10)
where 〈
S
(j)
,1
〉
C
= 〈Np; 0|S(j),1 |Np; 0〉C
〈S,g〉C = 〈Np; 0|S,g |Np; 0〉C . (11)
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At each order in (10), the terms of order 1/n for n > 1 cancel out and the energy
expression in (9) has thus a finite limit when → 0.
From the definition of the S-matrix and of the evolution operator (8) one obtains
thus
S(j),g =
(−ig)j
j!
∫
d4xj . . .
∫
d4x1e
−|tj | . . . e−|t1|T [HI (xj) . . . HI (x1)] . (12)
At each order, the term in (12) can be expressed as an integral of products of Dirac
Green’s functions, the photon Green’s function, and eigenfunctions of the Coulomb
Dirac equation. The Dirac Green’s functions are given by
G (x2,x1, z) =
∑
n
φn (x2)φ
†
n (x1)
En − z , (13)
where φn (x2) are the eigenfunctions of the Dirac equation, and En the corresponding
eigenvalue, including the two continua with En ≤ −mc2 and En ≥ mc2. The photon
Green’s function is given by
H (x2 − x1, q0) = − e
−bx21
4pix21
x21 = |x2 − x1| ; b = −i
(
q20 + iδ
) 1
2 ,<(b) > 0. (14)
In the rest of this section, I will give some examples of the expression of the
energy shift for several cases and present the results. For a complete derivation of
these results, and more details, the reader is referred to, e.g., [124,126–132].
A B
Figure 1: One-loop QED corrections. A: Self-energy. B: Vacuum polarization. Dots
represent vertices. The double lines with a free end represent a bound electron wave
function, and the double lines between two vertices represent a bound-electron Dirac
propagator.
2.1.1. Bound state QED for one-electron systems The energy of a given level in a
one electron-system is given by the Dirac equation, with finite size nuclear corrections,
QED corrections and recoil corrections. The solution of the Dirac equation for a point
nucleus can be written as
EDnκ(Z) =
mec
2√
1 + (Zα)
2
(n−|κ|+
√
κ2−(Zα)2)2
, (15)
=
mec
2√
1 + (Zα)
2
(n−j− 12+
√
(j+ 12 )
2−(Zα)2)2
, (16)
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where |κ| = l when κ > 0 and |κ| = l + 1 when κ < 0. The total angular momentum
quantum number is given by j = |κ| − 12 . The level energy is thus given by
Enκ(Z,A) = E
D
n,κ(Z) + E
(1)
QED(n, κ, Z) + E
(2)
QED(n, κ, Z) + E
Nuc.
n,κ (Z,A)
+ ERec.n,κ (Z,MA) (17)
= EDn,κ(Z) +
α
pi
(Zα)4
n3
F (1)n,κ (Zα)mec
2
+
(α
pi
)2 (Zα)4
n3
F (2)n,κ (Zα)mec
2
+ ENucn,κ (Z,MA) + E
Rec.
n,κ (Z,MA) , (18)
where E
(1)
QED(n, κ, Z) represents the first order QED corrections, self-energy and
vacuum polarization presented in figure 1, while E
(2)
QED(n, κ, Z) is the sum of the
two-loop corrections from figure 2. The ENucn,κ (Z,MA) correction represents the finite
nuclear correction and possibly nuclear polarization correction. The other correction,
ERec.n,κ (Z,MA) represents the recoil effect. The nuclear polarization will be discussed in
Sec. 2.1.2 and the recoil correction in Sec. 2.1.3. For low Z, the two QED corrections
in (18) are often represented by a low-Z approximation, reviewed in detail in [133,134]
and in the 2010 CODATA paper [24]. More recently two- and three-photon nuclear-
polarization corrections have been evaluated in detail for hydrogen and deuterium
[135]. In this work, the Friar moment correction and the corresponding inelastic
contribution to the two-photon exchange, which partially cancel each other, have been
studied in detail. Very recently Yerokhin et al [136] have provided detailed calculations
of the transition energies in one-electron atoms for elements with 1 ≤ Z ≤ 5, with
all available corrections known to date, including the results from [135]. There are
a number of recent works, in the framework of the low Zα expansion and NRQED,
which provide one and two-loop QED corrections, useful for low-Z atoms and excited
states [137]. The evaluation of the one- and two-loop Bethe logarithm provides the
lowest order contribution to the F
(1)
n,κ (Zα) and F
(2)
n,κ (Zα) functions. The one-electron,
one-loop Bethe logarithm has been evaluated with very high accuracy for n ≤ 20 by
Drake & Swainson [138]. This was extended to Rydberg states for n ≤ 200 in [139].
The two-loop self-energy Bethe logarithm has been evaluated [140,141], as well as the
one-loop self-energy, two-electron Bethe logarithm [138,142,143].
The basis for a direct evaluation to all orders in Zα of the diagrams has been
set by Wichmann & Kroll [144] for vacuum polarization and in [145, 146] for the
self-energy. The first high-precision evaluation of the self-energy was performed by
Mohr [74,75] for the 1s level at medium and high-Z. It was extended to super-heavy
elements by Cheng & Johnson [147] and to different n, `, j levels in [148–153]. All-
order calculations at low-Z are very difficult as the E
(1)
QED(n, κ, Z) correction from
QED is formally of order αpimc
2, and thus terms of order 1, Zα, (Zα)2 and (Zα)3 have
to be cancelled, requiring very large accuracy. The calculation was thus performed for
1 ≤ Z ≤ 5 in [139, 154–156] using highly-efficient resummation techniques [157] for S
and P states with principal quantum numbers up to 4. It should be noted as shown
by Mohr [74] that the expansion in Zα is only asymptotic, and does not converge even
for relatively small values of Z.
The vacuum polarization is usually expanded in powers of Zα, corresponding to
the number of interactions with the nucleus in the electron-positron loop as shown in
figure 3. Since there is only one electron vertex for the bound electron, each order
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in the vacuum polarization expansion can be represented by a potential. The only
non-zero contributions have an odd number of interactions with the nucleus. The
first contribution of order Zα is evaluated using the Uehling potential [158] and the
second one, of order (Zα)3 and higher by the Wichmann and Kroll potential [144].
Accurate expressions to evaluate the Uehling potential can be found in [159, 160].
Calculations of the vacuum polarization for the contributions to all orders in Zα can
be found in [161–163] for the n = 1 and n = 2 levels. The sum of Wichmann and
Kroll contributions of order (Zα)n, with n = 3, 5, 7, has also been evaluated in Beier
et al [164].
It should be noted that besides the diagram with the electron-positron loop
in figure 1 B, there are equivalent ones with a muon-antimuon loop. This effect is
completely negligible for electronic atoms.
+ +
A B C
+
D E
F IHG
Figure 2: Two-loop QED corrections. A, B, C: two-loop self-energy. D, E: SE-VP
corrections. F: S(VP)E correction. G, H: Ka¨lle´n and Sabry correction. I: loop-after-
loop vacuum polarization.
The situation for the second-order QED diagrams from figure 2 is not yet as
complete as what has been done for the first order diagrams. The lowest order
in the number of interactions between the electron-position loops and the nucleus
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A B
Figure 3: Expansion of the vacuum polarization in the number of loop interactions
with the nucleus. A represents the Uehling potential and B and higher orders the
Wichmann and Kroll correction.
corresponding to the contributions from figure 2 G and H is called the Ka¨lle´n and Sabry
potential [165]. It can be evaluated using accurate numerical formulas from Fullerton
& Rinker [159]. The loop-after-loop contribution (figure 2 I) has been evaluated for
finite-size nuclei by solving the Dirac equation numerically with and without the
Uehling potential [163, 166, 167]. It has been also calculated with standard QED
methods [164, 168]. The next contributions that have been evaluated are the crossed
vacuum-polarization self-energy diagrams named SE-VP in figure 2 D and E. They
were first evaluated in [163, 169] by including the Uehling potential in the evaluation
of the self-energy. More accurate values can be found in [166]. The next term, the
S(VP)E diagram (figure 2 F) was evaluated in [166,170]. More recently very accurate
evaluations of the SEVP, VPVP, Ka¨lle´n and Sabry, and S(VP)E contributions for the
1s, 2s, 2p1/2 and 2p3/2 levels for 1 ≤ Z ≤ 100 have been performed by Yerokhin et
al [171].
The SESE correction has been the most difficult to evaluate. The set of three
diagrams in figure 2 A, B and C must be evaluated together, and renormalization
is difficult. A first step was performed by Mallampalli & Sapirstein [172], who
calculated a number of contributions except the most difficult terms to renormalize.
The full SESE contribution calculation for the 1s state and high-Z elements was finally
performed by Yerokhin et al [173]. Improvements in accuracy and extension to lower
Z and the n = 2 levels can be found in several works [174–177].
A comparison of the latest calculations for all the two-loop contributions from
figure 2 are presented in figure 4 for the 1s level. Up to now it has not been possible to
evaluate directly the SESE contribution for low-Z. The low-Z part has been evaluated
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using NRQED calculations which provide a series in Zα and log
(
1
(Zα)2
)
:
F SESE1s (Zα) = B40 +B50Zα
+
[
B60 +B61 log
(
1
(Zα)2
)
+B62
{
log
(
1
(Zα)2
)}2
+B63
{
log
(
1
(Zα)2
)}3 ]
(Zα)2
+
[
B70 +B71 log
(
1
(Zα)2
)
+B72
{
log
(
1
(Zα)2
)}2 ]
(Zα)3
+
[
B80 +B81 log
(
1
(Zα)2
)
+B82
{
log
(
1
(Zα)2
)}2 ]
(Zα)4
+B90(Zα)
5. (19)
In this expression, only B40, B50, B61, B62, B63, B71 and B72 have been evaluated.
The values are summarized in Yerokhin & Shabaev [178]. One has B40 = 1.409244,
B50 = −24.26506, B61 = 48.388913, B62 = 1627 − 169 log 2 = −0.639669, B63 = − 827 .
Recently the B72 coefficient value was obtained as B72 = − 23A50 = −6.19408, where
A50 = pi
(
139
32 − 2 log 2
)
is the equivalent coefficient for the expansion of the one-loop
self-energy [179].
I performed a weighted fit of (19) with the most accurate values from [173–177],
using the unknown Bij coefficients as free parameters. This fit has a reduced
χ2 = 0.22, which means that the theoretical error bars are somewhat pessimistic. I
get B60 = −95.467, B70 = −193.497, B71 = 27.0276, B80 = 1085.57, B81 = −228.220,
B82 = −116.29 and B90 = −787.4255. A previous fit with less accurate data provided
B60 = −84(15) [176]. Extrapolation to Z = 1 of the higher-order remainder as defined
in equation (7) of [176] gives Gh.o.SESE(Z = 1) = −98.8 against −86(15).
0 20 40 60 80 100 120-6
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F(Zα)
SESE Fit to the SESE contribution SEVP S(VP)E VPVP Källén & Sabry Total two-loop correction
Figure 4: Comparison of the most accurate calculations of F (Zα) of the SESE
correction from Yerokhin et al [173–175], and Yerokhin [177] and SEVP, S(VP)E,
VPVP and the Ka¨lle´n and Sabry corrections from Yerokhin et al [171] for the 1s
level. The fitted function is provided by (19) with the parameters given in the text.
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Table 1: Comparison between different nuclear models for the 1s level binding energy
in 208Pb. The last column represents differences in energy between two adjacent lines.
The sum of Gaussians and Fourrier-Bessel parameter are taken from [183]. All lengths
are in fermi.
Model RMS c t
[
4
√
< r4 >
[
6
√
< r6 > Ener. (eV) ∆E (eV)
SOG 5.5030 0.6404 1.4020 −101336.480
Fourrier-Bessel 5.5031 0.6457 1.4099 −101336.642 0.162
Fermi 5.5030 6.6455 2.3 5.8551 6.1421 −101336.650 0.008
Fermi 5.5030 6.7240 2.2 5.8368 6.1635 −101336.627 −0.023
Fermi 5.5030 6.7603 2.0 5.8283 6.2600 −101336.616 −0.011
2.1.2. Nuclear corrections The contribution from the nucleus in (18) is the sum of
four effects
ENucn,κ (Z,MA) = E
Vol
n,κ (Z,RMSZ,A) + E
Shape
n,κ (Z,A) + E
Def
n,κ (Z,A)
+ EPoln,κ (Z,A) (20)
The first contribution is the most obvious one and is due to the finite nuclear size.
For electronic atoms, it depends mostly on the RMS radius of the nucleus. Most
calculations use available compilations for these radii, which collect measurements
performed with muonic atoms, electron scattering and atomic x-ray or laser
spectroscopy [180,181]. For the shape contribution, three models of charge distribution
in the nucleus are widely used: the uniform model and the 2 or 3-parameter Fermi
model. Other models have been used, like sum of gaussians (SOG) [182] or Fourier-
Bessel [183, 184] to better reproduce the nuclear charge density distribution. For the
Fermi model, the charge distribution is given by
ρ(r) =
ρ0
1 + e
(r−c)
a
, (21)
where c is the half-density radius. The surface thickness parameter t is given by
t = (4 ln 3)a. The different moments can be defined by
< rn >=
∫ ∞
0
r2rnρ(r)dr . (22)
The RMS radius is obtained for n = 2. I use as an example hydrogenlike 208Pb, which
is the heaviest element where the Fourier-Bessel and SOG coefficients are known from
earlier compilations [183, 184]. The results are presented in Table 1, together with
the moments of the different charge distributions. It is clear that the Fourrier-Bessel
and Fermi model with the same RMS radius give very close binding energy values.
The SOG model, even though it gives an identical RMS radius value, leads to a larger
shift. The table also shows the large differences between the higher moments of the
distribution.
More difficult to evaluate are corrections connected to internal nuclear structure.
The first one is nuclear deformation. It has been studied most precisely by means of
muonic atom spectroscopy. For a deformed nucleus, one writes the parameter c as
c = R0 [1 + β2Y20 (θ, φ) + β4Y40 (θ, φ)] . (23)
QED tests with highly-charged ions 13
This equation provides an effective, angular-dependent charge distribution. It is then
averaged over all directions to provide either an average charge distribution, or higher-
order multipole contributions as described, e.g., in [185]. Measurements of the β2
and β4 parameters for several isotopes of thorium, uranium and americium, using
muonic atom spectroscopy, can be found in [186–188]. Quadrupole parameters and
deformation for rare earth elements can be found in [185]. The effect of the nuclear
deformation has been taken into account for the first time in highly-charged ions
in the evaluation of the lithiumlike 2pj → 2s1/2 transition in 238U by Blundell et
al [189]. Since the nuclear spin of 238U is zero, the charge distribution cannot have
nuclear moments beyond the monopole term, and Blundell et al [189] performed a
spherical average of the charge distribution. Kozhedub et al [190], although they also
work with spin-0 nuclei, have provided a general formalism (Eqs. (4) to (11)) for the
evaluation of this effect. This effect was also taken into account in the evaluation
of x-ray transition energies in core-excited neutral atoms [191, 192]. In [190] one can
find specific calculations for hydrogenlike and lithiumlike uranium and two isotopes
of neodymium.
The last contribution to the transition energy in highly-charged ions is due to
the interaction of the nucleus with the bound electrons, and in particular the 1s
ones, which perturb the nucleus and lead to a small change in the nuclear charge
distribution. This corresponds to the diagram of figure 5. The contribution is
complex to evaluate, as it requires knowledge of the internal nuclear structure, i.e.,
excited states, resonances, etc. The effect has been evaluated in heavy few electron
ions [76–78]. In these papers, a factor of 12pi was omitted. This was first noted by
Nefiodov et al [80], who were evaluating the nuclear polarization in lead and uranium
and corrected the calculation [79]. The size of this contribution to the 1s binding
energy is of the order of 0.1 eV. A more recent calculation performed for lead and
uranium takes into account also the transverse interaction between the electron and
the nucleus [193]. It gives results similar to the ones from earlier works.
The magnitudes of all the one-body contributions discussed up to now to the
Lyman α1 transition energy in hydrogenlike ions are plotted in figure 10 as a function
of Z, together with the uncertainties of the transition energy measurements.
2.1.3. Recoil corrections Up to now, we have treated the nucleus as infinitely heavy,
and done all the calculations in a central potential. Of course the nucleus has a finite
mass MA,Z . For one-electron ions, the nuclear recoil can be taken into account at the
lowest order by replacing [194–196] (15), by
ED,MA,Z =
(
MA,Z
MA,Z +me
− 1
)(
EDnκ(Z)−mec2
)
(24)
and adding the relativistic reduced mass correction
E1MA,Z = −
(Zα)
4
8n4
me
MA,Z
mec
2. (25)
For multi-electron systems, the one-body recoil correction can be evaluated from
the relativistic normal mass shift (RNMS) Hamiltonian [197–202]
H1RNMS =
1
2MA,Z
{∑
i
p2i −
αZ
ri
[
αi +
(αi · ri) ri
r2i
]
· pi
}
. (26)
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Figure 5: Nuclear polarization diagrams. The nucleus is represented by the heavy
double line. The triple line represents the excited nucleus in the intermediate state.
In [199], (26) and all higher-order one-body QED contributions were derived from the
QED formalism, which was later extended in [201] to many-body systems. In [200],
Stone’s theory was reformulated, independently from the work of [199,201], to a form
allowing one to use the Dirac approach.
The two-body contribution is obtained from the relativistic specific mass shift
Hamiltonian
H2RSMS =
1
2MA,Z
∑
i6=j
pi · pj − αZ
ri
[
αi +
(αi · ri) ri
r2i
]
· pj
 . (27)
Both can be treated in perturbation theory as they give small contributions.
Higher-order relativistic corrections can be evaluated following the work of V. Shabaev
[203]. Application to hydrogenlike atoms have been performed in [204, 205] and
in two-electron atoms in [206, 207]. For lithiumlike ions, this calculation has been
performed in [208]. For the ground state energy of an hydrogenlike uranium ion the
recoil contribution is 0.46 eV for a total energy of 132 keV. Very recently Malyshev et
al [209] calculated the recoil corrections from QED, up to order 1/Z for the 1s2 level
of two-electron ions and for the 1s22s and 1s22p levels of three-electron ions. These
QED results were compared to the one obtained with the Hamiltonian in (27).
2.1.4. Two-electron bound state QED corrections All corrections provided in the
previous section are obviously directly applicable to the two-body problem. One can
add the one-body energies defined in (16) for each individual electron. Two-body
corrections must then be added. These two-body corrections can be separated into
two kinds, those involving only the electron-electron interaction and those with loop
corrections to the electron-electron interaction. The first kind is represented in figure 6
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up to third order. The first order diagram represents the electron-electron interaction
mean-value between the electron wavefunctions connected at the two vertices. From
these diagrams one can derive the expression of the electron-electron interaction
Vij =
1
rij
− αi ·αj
rij
− αi ·αj
rij
(cos (αωijrij)− 1)
+ (αi ·∇i) (αj ·∇j) cos (αωijrij)− 1
(αωij)2rij
, (28)
given here in the Coulomb gauge and in a.u. In this expression rij = |ri − rj | is
the inter-electronic distance, ωij is the energy of the photon exchanged between the
electrons and αi are the Dirac matrices. It should be noted that the ∇ operators act
on the rij and not on the following wave functions. In this expression the first term
is the Coulomb interaction, the second the magnetic interaction, and the two ωij-
dependent terms represent the retardation interaction, connected to the time it takes
for the exchanged photon to travel the distance between the interacting electrons.
Even though each order has two more vertices than the previous one, the
expansion parameter for these diagrams is not α but 1/Z. The convergence of the
series at low-Z is thus very slow. This sequence of diagrams can be separated in two
parts. The first one, called the ladder approximation, corresponds to diagrams with 1,
2,. . . , n photons, all parallel (as diagrams A, B, D on figure 6). In QED, these diagrams
must be evaluated order by order simultaneously with the crossed diagram of the same
order to conserve gauge invariance and remove divergent 1/ terms in (11). In these
diagrams, if one retains only the part of the Dirac propagator corresponding to the
sum over electronic states and the Coulomb part of the interaction, the second-order
result is very close to what can be obtained from standard many-body techniques
like RMBPT [210]. The crossed diagrams, like C and E on figure 6, and the part
of the propagator corresponding to positrons represent a purely non-radiative QED
correction. A more detailed discussion about the role of the negative-energy state is
given below in section 2.1.5.
The second order correction has been evaluated for two-electron ions for the
1s2 1S0 state [211, 212] and for the 1s2p
3PJ states [210, 213]. A similar calculation
involving the ground state and all 1s2l states of heliumlike ions has also been done by
the Saint Petersburg group [214]. The calculation of these diagrams has been extended
to the 2pj → 2s1/2 transition in lithiumlike ions [215].
The second kind of diagrams shown in Figs. 7 and 8 are radiative corrections. The
A part in each figure represents the self-energy and vacuum polarization correction
to the external leg wavefunction. The B part is a radiative correction to the
electron-electron interaction. These corrections are often referred to as screening
corrections as the presence of the electron without radiative corrections provides an
effect corresponding to replacing Z in the expression of the self-energy in (2) by Z−σ
where σ ≈ 1 is a screening coefficient, and keeping only the term of order σ. The
self-energy screening then behaves as α2(Zα)3 in first approximation. It shows very
simply that the electron-electron interaction provides a sequence of perturbations in
1/Z. The self-energy screening correction has been evaluated for the ground state of
heliumlike ions in [212,216]. A more general scheme has been proposed to evaluate all
possible self-energy screening contributions between 1s, 2s, 2p1/2 and 2p3/2 states [217]
using the method proposed in Indelicato & Mohr [218]. Specific calculations of the
QED corrections to the ground state self-energy screening and two-photon corrections
in He-like ions have also been performed in Holmberg et al [219].
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The vacuum polarization screening correction has been evaluated for the ground
state and 1s2l states of two-electron ions by Artemyev et al [214]. The vacuum
polarization correction was evaluated for the 2pj → 2s1/2 transition in lithiumlike ions
[220]. The self-energy screening correction has been evaluated for the 2p1/2 → 2s1/2
transition in three-electron ions by Yerokhin et al [221].
It should be noted that the case of quasi-degenerate states like 1s2p1/2 J = 1 and
1s2p3/2 J = 1 requires a specific procedure and the evaluation of non-diagonal matrix
elements as well, for both the radiative and non-radiative diagrams [213,214,222].
+ + + + + +. . .
A B C D E F
Figure 6: The two-electron interaction QED diagram. A: electron-electron interaction.
B and C: second order electron-electron contribution. Diagram A, B, D constitute the
first orders of the ladder approximation.
A B
Figure 7: Self-energy screening diagrams.
BA
Figure 8: Vacuum polarization screening diagrams.
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Figure 9: Three-body interaction in QED.
When performing calculations for atoms with more than two electrons, there
are additional diagrams to be considered. For example for three and more-electron
atoms, three-body QED corrections, represented on figure 9 should be taken into
account [223].
2.1.5. Relativistic many-body effects The slow convergence in Z of the successive
terms of the ladder approximation and the difficulty of performing full QED
calculations beyond the two-photon exchange requires the development of methods
able to include higher orders. Over the years, many methods have been developed to
calculate correlation energy with high-accuracy, some purely non-relativistic, and some
fully relativistic. On the relativistic side, one can mention 1/Z expansion, Relativistic
Configuration Interaction, Multiconfiguration Dirac-Fock [224, 225], Relativistic
Many-Body Perturbation theory [226–230], coupled-clusters or S-matrix [230, 231].
There is however a difficulty in these calculations connected to the fact that they
are not directly QED-based, except for the S-matrix method. This is because the
solutions of the Dirac equation for a Coulomb potential have bound-states and a
positive energy continuum as the Schro¨dinger equation, but also a negative energy
continuum. In QED, this continuum is reinterpreted as a positron component of the
operators. But in many-body techniques this is not possible and there are states
with energy −mec2 to which the bound states can decay. When adding the electron-
electron interaction, this leads to unstable atoms. This was identified as early as 1951
by Brown & Ravenhall [232] and is now known as the Brown and Ravenhall disease or
continuum dissolution. This was later worked out in more detail in [233–235] where it
was shown how to implement projection operators to avoid this problem. Projection
operators were then implemented in RMBPT [226,227,236,237] and MCDF [238,239].
Grant & Quiney [240] discussed the fact that projection operators are not unique and
depend on the specific method being used. Yet, it is a direct consequence of QED
that cannot be circumvented. There have been however recent attempts to include the
negative energy continuum without a QED-compatible method [241, 242]. The basis
of the different many-body techniques is thus the no-pair Hamiltonian
Hno pair =
m∑
i=1
HD(ri) +
∑
i<j
V (|ri − rj |) , (29)
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where HD is a one-electron Dirac operator defined in (3) and V is an operator
representing the two-body interaction. This operator has the expression
Vij = Λ++ij VijΛ++ij . (30)
where Λ++ij = Λ
+
i Λ
+
j is an operator projecting onto the one-electron positive energy
states and Vij is given in (28).
Another difficulty with many-body methods comes from the gauge dependance of
the electron-electron interaction (28). In QED, a diagram or set of diagrams provides
gauge-invariant results. For example, the two diagrams B and C in figure 6 must be
evaluated together, and provide a gauge-independent result. But when the operator
(28) is used with (29) the gauge invariance is lost. This issue has been discussed in
several works [243–247]. Sucher [245] has shown that for calculations of the MCDF
type, the Lorentz gauge adds spurious terms that do not appear in the Coulomb
gauge. Lindgren [248] has shown that these contributions come from the fact that
relativistic many-body calculations take only into account the reducible part of the
QED diagrams, and that the gauge dependence is canceled when the irreducible part
is taken into account (see also [249]). A more correct derivation, using the two-time
Green’s function formalism has been performed by Shabaev [250].
The other difficulty associated with the use of all-order methods lies in the energy
dependance of the exchanged photon. The value of ωij in (28) is perfectly well defined
in the independent particle approximation, but it is not clear what value to use when
the interaction operators are evaluated between correlation orbitals, which can have
energies much more negative than the bound orbitals. There is thus always a question
of the use of the magnetic and retardation part of the operator in the evaluation of
the correlation energy [243, 244]. The MCDFGME code allows to do this, which can
lead to a very large contribution to the correlation energy at high-Z. Following the
method described in Indelicato [251], one finds at Z = 92, for the 1s2 1S0 level, that
the Coulomb non-relativistic contribution to the correlation energy, obtained by 1/Z
expansion [252–254] is −1.26 eV, while the relativistic part is 1.38 eV, the magnetic
interaction part is −6.31 eV and the retardation part is 1.62 eV [251,255].
In view of these difficulties, and to be able to perform QED-based many-body
calculations including complex cases with degenerate levels, several methods have been
proposed and used. Besides the S-matrix formalism already mentioned [230], one can
mention the covariant evolution operator method [256–258]. The alternative method
is the two-time Green’s function approach [259,260].
The other difficulty in the many-body approach is connected to the evaluation
of the screened self-energy corrections of figure 7. In the past, these corrections have
been evaluated using an effective-Z parameter in the self-energy part of (2). This
effective-Z was derived by comparing the mean radius of the orbital to the radius of
the hydrogenlike orbital with the same n, κ. Then it was proposed [261,262] to use the
Welton approximation [263], which correctly represents the lowest order of the self-
energy. More recently Shabaev et al [264] proposed a model operator, derived from
QED, which allows to calculate the screened self energy using a potential. A computer
code which implements this model operator is available [265]. Other approaches use
direct evaluation of the QED diagrams, replacing the electron-electron interaction with
different effective electronic potentials. Such a method was developed by Blundell
& Snyderman [266] and used to evaluate the self-energy contribution to transition
energies in few-electron ions, Li-like, Na-like and Cu-like [267] or for several perturbing
potentials [268].
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2.2. Experiments and comparison with theory
The different contributions and techniques summarized in the previous section are
complicated to evaluate, and require many approximations. The quality of these
approximations becomes more and mode difficult to assess when the number of
electrons increases. Moreover, testing QED at the present time cannot come from the
comparison between theory and experiment for a single ion. Of course hydrogenlike
ions constitute a very favorable testing ground for QED contributions. Yet the data
at very high-Z are scarce, and not very accurate except for a few cases like the
measurement of the Lyman α lines in uranium [93], where the QED contribution was
measured with an accuracy of ≈1%. Much data also exists for two and three-electron
ions. In the case of heliumlike ions there are both n = 2→ n = 1 and n = 2, ∆n = 0
transitions which have been measured for a broad range of Z. Again the number of
data and precision at very high-Z are not sufficient. In Li-like ions, the fine structure
transitions 1s22p 2PJ → 1s22s 2S1/2 have been accurately measured across a broad
range of Z, with good accuracy, even at high-Z, and thus provide useful comparison
for the fine-structure, at the cost of an increased complexity for the theory.
In this section I present a detailed discussion of available experimental data and
the comparison with theory. In particular I perform weighted fits to the experiment-
theory differences with functions bZn. In order to do a consistent treatment, I use in
each case the most recent and accurate calculation that has values for all the elements
which have been measured. In the case of three-electron ions, for which the transition
energies are much more difficult to calculate, I also present a detailed comparison of
available calculations. In the different tables presented here, and whenever possible,
the published values have been corrected for the latest values of the fundamental
constants [25], although the difference is usually negligible compared to the error
bars.
2.2.1. Hydrogenlike ions The study of one-electron ions is indeed expected to be
the best way to test the different corrections presented in Secs. 2.1.1. Yet it is not
as simple as it seems because of the different nuclear corrections, the accuracy of
which is limited by our knowledge of the nuclear structure. This may be seen in
Table 1 where the dependance on the nuclear shape is shown to be sizable in some
cases. To illustrate this, I have plotted in figure 10 the different QED, recoil and
nuclear contributions as a function of Z for the Lyman α1 transition. The effect of
the uncertainties on the nuclear size are also plotted, using the nuclear radii from the
latest tabulation of Angeli & Marinova [180]. These uncertainties can be large when
compared to QED corrections, and have a strong impact at high-Z. The calculations
were performed with the 2018 version of the MDFGME Multiconfiguration Dirac-Fock
code [269], which contains up to date values for one and two-loop QED corrections,
recoil and finite nuclear size from the references listed in 2.1.1. All the second-order
QED corrections are plotted together. The nuclear polarization corrections mentioned
in 2.1.2 are also shown. Figure 11 zooms on the QED and nuclear corrections. The
different contributions to second-order QED from figure 2 are plotted separately.
Over the years there have been several tabulations of one-electron energy levels.
The tables from Erickson [270] were used for many years. It was shown later [74, 75]
that the higher-order contributions to the self-energy used in these tables were not
as accurate as claimed at the time. Subsequently, a tabulation of level energies for
10 ≤ Z ≤ 40 was published by Mohr [195]. Then Johnson & Soff [196] provided an
QED tests with highly-charged ions 20
10 20 30 40 50 60 70 80 90 100
0.0001
0.001
0.01
0.1
1
10
100
1000
10000
100000
10 20 30 40 50 60 70 80 90 100
0.0001
0.001
0.01
0.1
1
10
100
1000
10000
100000
Z
C
on
tri
bu
tio
n
to
en
er
gy
(eV)
Coulomb Self-energy Vacuum pol.
Finite Nucl. Size Second order QED Recoil
Nuclear Polarization Nuclear Deformation
Error due to FNS Exp. Error
Figure 10: Size of all the one-electron contributions to the Lyman α1 transition energy
as a function of Z. The second order QED corrections from figure 2 are summed
together. The uncertainties for all the available measurements of the Lyman α1 are
also plotted for comparison, together with uncertainties connected to the errors on
the nuclear size.
up-to-date table for 1 ≤ Z ≤ 110, which was used for 30 years, until a new tabulation
taking into account all two-loop QED corrections and nuclear size corrections from
[180] was published [178]. I use this recent publication as the reference calculation to
compare theory and experiment.
The comparison between experiment and theory is presented in Tables 2 and 3
for the Lyman α1 and α2 respectively for all Z ≥ 12. The few cases where the binding
energy has been obtained directly by using radiative recombination are presented
in Table 4. I chose Z = 12 as the minimum value, since, except for hydrogen,
there are no measurements of the Lyman α lines for lower Z, and there are very
few measurements of n = 2 intrashell transitions at high-Z. A comparison for the
intrashell transitions can be found in Table 5 of [178]. In a number of cases, the result
given in the experimental papers is only the Lamb-shift, i.e., the difference between
the measured energy and the Dirac energy, even though the transition energy is what
has been measured. In this case I added back the theoretical 2pj energy used in the
paper to get the transition energy. In the case of [93], the authors provide both the
binding energy due to radiative recombination and the measurement of the Lyman
α1 transition energy. The difference between experiment and theory for the Lyman
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Figure 11: Size of all the QED contributions to the Lyman α1 transition energy as a
function of Z, compared to nuclear contributions and experimental errors.
α1 and Lyman α2 lines is plotted in Figs. 12 and 13 respectively. The values for the
1s binding energy are plotted in figure 14. One can see that the overall agreement is
quite good, but that there is a lack of very accurate measurements at medium and
high-Z, except for the 4.5 eV measurement in uranium [93]. This is confirmed by
figure 15 in which I plot the histogram of the number of measurements with a given
accuracy in parts-per-million (ppm) as a function of Z and of the accuracy. In order
to quantify the quality of the agreement and look for possible systematic deviations,
I have fitted simultaneously all the experiment-theory differences for the Lyman α1
and α2 with functions of the type bZn, n = 0 to 10. The comparison between the
fitted functions and the data is presented in figure 16 for n = 0 to 5. The error
bands, corresponding to the functions (b± δb)Zn, where δb is the uncertainty on the
fitted coefficient b, are also plotted. The coefficients b are plotted in figure 17, with
the corresponding error bars. This analysis and all the subsequent ones have been
performed with Mathematica 11.3 [271]. One can see that the agreement is excellent,
and that all the coefficients are compatible with 0 within their error bars. The error
bands are quite symmetrical around the horizontal axis, which shows that within the
present experimental accuracy and uncertainty on the calculation connected to the
uncertainty in nuclear charge radius, there is no global effect. With the available
data, the error bands correspond to energy differences of ±5 eV to ±8 eV at Z = 92.
It is now of interest, to define future experimental strategies, to compare the size
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of the first and second order QED contributions to the uncertainties from available
experiments and nuclear size uncertainties. Using the data from Tables 2 and 3 and
theoretical values for QED, I show in figure 18 the present status of experimental
tests of QED. Clearly the high-precision, low-Z experiments performed in Heidelberg
on argon do not provide information on the second-order QED contribution. The
best uranium measurement uncertainty, which is right now ≈50 ppm would need to be
improved by at least one order of magnitude, to around 0.4 eV to significantly test the
size of second order QED corrections. This would be at the limit of uncertainties due
to nuclear effects. In the long term, it would probably be best to focus on 208Pb, where
the nucleus is very insensitive to nuclear polarization and deformation because of its
double-magic property and has a well-known radius, which provides an uncertainty in
the theoretical evaluation of only 2 ppm. Yet performing a test of second-order QED
to 20% accuracy would require to reach an experimental accuracy of ≈2 ppm, which
is a very difficult task.
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Figure 12: Comparison between theory [178] and experiment for the Lyman α1 line in
hydrogenlike ions. The data are from Table 2. References: A: [106], B: [272], C: [273],
D: [274], E: [275], F: [276], G: [88], H: [96], I: [277], J: [278], K: [279], L: [280], M: [52],
N: [83], O: [54], P: [94], Q: [281], R: [282], S: [283], T: [284], U: [285], V: [286], W: [287],
X: [288], Y: [68], Z: [82], AA: [289], AB: [290], AC: [85], AD: [93], AE: [291], AF: [95],
AG: [292].
2.2.2. Heliumlike ions In this section, I study the present status of the comparison
between theory and experiment for He-like ions. There has been some controversy
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Table 2: Comparison between experimental and theoretical [178] energies for the
2p3/2 → 1s (Lyman α1) transition in hydrogenlike ions
Z Experiment Error Diff. Th. Reference
12 1472.32 0.17 −0.31 [273]
12 1472.67 0.03 0.04 [290]
14 2006.06 0.14 −0.02 [272]
16 2622.704 0.020 0.004 [106]
16 2622.59 0.27 −0.11 [291]
17 2962.46 0.10 0.11 [68]
17 2962.49 0.12 0.13 [82]
17 2962.47 0.10 0.12 [289]
18 3322.993 0.014 0.000 [106]
18 3323.20 0.50 0.21 [275]
18 3322.989 0.017 −0.004 [88]
18 3322.96 0.06 −0.04 [279]
22 4976.86 0.14 −0.03 [283]
23 5443.95 0.25 0.32 [287]
26 6973.80 0.60 0.62 [276]
26 6972.73 0.24 −0.45 [284]
26 6972.65 0.75 −0.53 [85]
28 8101.76 0.11 0.01 [83]
32 10624.24 0.16 −0.30 [285]
36 13508.95 0.50 −0.01 [274]
54 31278.00 10.00 −5.95 [280]
54 31279.20 2.70 −4.75 [282]
54 31284.90 1.80 0.95 [286]
66 48038.00 38.00 0.74 [95]
79 71573.05 10.43 2.62 [96]
79 71573.11 7.90 2.68 [278]
79 71565.00 41.90 −5.43 [288]
79 71531.50 15.00 −38.93 [292]
82 77919.00 52.60 −15.58 [288]
83 80188.00 100.00 44.96 [52]
92 102130.00 92.00 −45.10 [277]
92 102168.99 16.00 −6.11 [278]
92 102313.00 120.00 137.90 [54]
92 102209.00 63.00 33.90 [94]
92 102170.70 13.20 −4.40 [281]
92 102178.12 4.33 3.02 [93]
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Table 3: Comparison between experimental and theoretical [178] energies for the
2p1/2 → 1s (Lyman α2) transition in hydrogenlike ions
Z Experiment Error Diff. Th. Reference
12 1472.32 0.17 0.63 [273]
12 1471.62 0.07 −0.07 [290]
14 2004.41 0.21 0.09 [272]
16 2619.35 0.36 −0.35 [291]
17 2958.62 0.10 0.09 [68]
17 2958.68 0.15 0.16 [82]
17 2958.59 0.12 0.06 [289]
18 3318.10 0.50 −0.08 [275]
18 3318.17 0.02 −0.01 [88]
18 3318.18 0.04 0.00 [279]
23 5431.10 0.25 0.40 [287]
26 6951.90 0.70 −0.07 [276]
26 6951.49 0.23 −0.48 [284]
26 6951.19 0.74 −0.78 [85]
32 10574.94 0.16 −0.33 [285]
54 30848.00 10.00 −8.53 [280]
54 30850.40 5.70 −6.13 [282]
66 47045.00 38.00 15.78 [95]
79 69335.96 10.69 3.48 [96]
79 69335.15 7.90 2.67 [278]
83 77393.00 100.00 56.29 [52]
92 97605.61 16.00 −6.33 [278]
Table 4: Comparison between experimental and theoretical [178] energies for the 1s
binding energy in hydrogenlike ions. [93] a: average of the six measurements on Table
II of [93] (three using Lyman α1 and three using the K-RR spectra). [93] b: average
of the three measurements using K-RR spectra Table II [93], to avoid using the 2p3/2
QED contribution to deduce the 1s binding energy.
Z 1s binding energy Reference
Experiment Error Diff. Th.
45 −28308.4 3.4 3.6 [293]
79 −93257.4 7.9 −2.8 [278]
92 −131820.2 4.2 −4.1 [93] a
92 −131825.1 6.4 −9.0 [93] b
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Figure 13: Comparison between theory [178] and experiment for the Lyman α2 line
in hydrogenlike ions. The data are those from Table 3. References: A: [273], B: [272],
C: [275], D: [276], E: [88], F: [96], G: [278], H: [279], I: [280], J: [52], K: [282], L: [284],
M: [285], N: [287], O: [68], P: [290], Q: [85], R: [82], S: [289], T: [95], U: [291].
after the claims in [295, 296] of a possible systematic deviation between theory and
experiments for the n = 2→ n = 1 transitions in two-electron ions. It was later shown,
with the help of new high-accuracy experimental data and more detailed statistical
analysis, that this was not the case [107, 112, 297, 298]. Yet it remains important to
extend this analysis to more data to disentangle possible effects. For this reason, I
present here a study of both the n = 2 → n = 1 and the n = 2, ∆n = 0 transitions
with measurements extending up to uranium. In the case of He-like ions, there are
also a few direct measurements of the ground state energy [299, 300]. There have
been many theoretical calculations of two-electron ion energies, as they constitute a
mandatory test of many-body techniques. Among them I can cite the work of Drake,
who developed the unified relativistic theory to calculate energy levels in He-like
ions [301], with a tabulation for all elements [302]. The MCDF method was also
used [243,251,261].
As can be seen in figure 19, there are sizable differences at high-Z between the
calculations of [206, 251, 302, 303]. The most recent calculations [304], performed
for Z = 18, 22, 26, 29, 36 differ only by 2 meV to 4 meV from the calculations
of Artemyev et al [206]. The MCDF results [255] correspond to the calculation
described in [251], with exact non-relativistic Coulomb correlation energy, relativistic
corrections, and magnetic and retardation corrections. The self-energy screening is
evaluated using the Welton method. The differences in the most recent calculations
come from the changes in nuclear size, from different treatments of the magnetic
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Figure 14: Comparison between theory [178] and experiment for the 1s binding energy
in hydrogenlike ions. The data are those from Table 4. References: A: [293], B: [278],
C: [93].
and retardation correlations and from the presence of two-loop QED corrections.
All these contributions have magnitudes of a few eV. Cheng & Chen [305] have
published large scale relativistic configuration interaction (RCI) calculations in which
the QED screening and relaxation effects are evaluated by using Dirac-Kohn-Sham
(DKS) potentials. Yet these calculations have been performed only for 22 ≤ Z ≤ 36
and cannot be used as a reference calculations for the whole range of Z.
In the case of heliumlike ions, the metastability of some of the excited levels
has allowed measurements of n = 2, ∆n = 0 transitions up to uranium. The use of
hyperfine quenching [306], where the mixing of the adjacent 1s2p 3P0 and 1s2p
3P1
levels allows the 1s2p 3P0, whose transition to the ground state is totally forbidden,
to acquire part of the lifetime of the 1s2p 3P1 with a rate that depends on the square
of the energy splitting, has enabled measurements of the 1s2p 3P1 − 1s2p 3P0 energy
splitting for Z = 28, 47 and 64. Calculations of this effect can be found in [306–308].
All available experimental results for n = 2, ∆n = 0 transitions or splittings
are presented in Table 5 for the 1s2p 3P0 → 1s2s 3S1 transition, in Table 6 for the
1s2p 3P2 → 1s2s 3S1 transition and in Table 7 for the 1s2p 3P1 → 1s2s 3S1 and
1s2p 3P1 → 1s2s 1S0 transitions and for the 1s2p 3P1 → 1s2s 3P0 energy splitting.
In each Table the difference between the experimental energy and theory is displayed.
I started these tables at Z = 7, the minimum value of Z for which the 1s2p 1P1 level
calculations converged in Plante et al [303]. For Z ≥ 12 the difference is evaluated
using values from Artemyev et al [206] .
There are a number of cases where relative measurements of transition energies
were performed on n = 2→ n = 1 transitions using one of the w, x, y or z lines as a
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Figure 15: Histogram of the number of measurements for a given accuracy in parts
per million and the atomic number Z for Lyα1 and Lyα2. All measurements from
Tables 2 and 3 are taken into account [294].
reference. In that case, it would not make sense to include them in the global analysis
of the agreement between theory and experiment for the n = 2 → n = 1 transitions.
However the energy differences are significant as they represent the fine structure
interval, in a range of Z not so well covered by direct measurements. A number
of measurements, performed with Tokamaks, ECRIS, or astrophysics plasmas, which
have been calibrated against the w or z lines are thus included in Table 8 for the
1s2p 1P1 → 1s2p 3PJ and 1s2p 1P1 → 1s2s 3S1 splitting.
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Figure 16: Fit of the differences between experiments and the calculations of Yerokhin
& Shabaev [178] for the Lyman α transitions in hydrogenlike ions with different
functions bZn, n = 0, . . . , 5. The error bands corresponding to (b ± δb)Zn, where
δb is the 1σ error bar on the fitted constant b, are also shown. The Lyman α1 and α2
points have been shifted by δZ = ±0.2 to make the figure more readable.
Table 6: Comparison between experimental and theoretical energies for the
1s2p 3P2 → 1s2s 3S1 transition in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev et al [206] for Z ≥ 12.
1s2p 3P2 → 1s2s 3S1
Z Exp. (eV) Err. Exp.-Th. Reference
7 6.536475 0.000086 −0.00023 [309]
8 7.63595 0.00019 −0.00037 [310]
8 7.63615 0.00007 −0.00017 [309]
8 7.63623 0.00038 −0.00008 [311]
9 8.76641 0.00037 0.00052 [310]
9 8.76542 0.00043 −0.00047 [312]
9 8.76573 0.00037 −0.00016 [311]
10 9.93403 0.00010 −0.00009 [309]
10 9.933835 0.000080 −0.00028 [313]
10 9.93407 0.00016 −0.00004 [323]
10 9.93383 0.00010 −0.00029 [314]
10 9.93368 0.00016 −0.00044 [311]
11 11.15196 0.00017 −0.00005 [314]
12 12.43099 0.00075 0.00109 [312]
12 12.43014 0.00024 0.00024 [314]
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Table 6: 1s2p 3P2 → 1s2s 3S1 transition (continued)
1s2p 3P2 → 1s2s 3S1
Z Exp. (eV) Err. Exp.-Th. Reference
13 13.78169 0.00077 0.00049 [314]
14 15.21820 0.00037 −0.00020 [315]
14 15.21857 0.00037 0.00017 [316]
14 15.2184 0.0019 0.0000 [317]
14 15.21786 0.00045 −0.00054 [314]
15 16.75643 0.00057 −0.00047 [318]
16 18.41085 0.00055 −0.00075 [316]
16 18.41140 0.00055 −0.00020 [319]
16 18.4092 0.0025 −0.0024 [317]
16 18.388 0.020 −0.0236 [325]
17 20.19977 0.00066 −0.00053 [316]
17 20.1995 0.0031 −0.0008 [317]
17 20.1986 0.0004 −0.0017 [320]
18 22.132 0.036 −0.009 [321]
18 22.14225 0.00063 0.00095 [322]
18 22.1424 0.0040 0.0011 [323]
18 22.1430 0.0110 0.0017 [325]
22 31.8324 0.0057 0.0062 [326]
26 45.747 0.015 0.026 [327]
28 54.7948 0.0097 0.0009 [328]
29 59.997 0.023 0.026 [329]
36 111.596 0.030 −0.004 [324]
54 465.06 1.74 −0.16 [330]
92 4509.71 0.99 −0.32 [331]
The experiment-theory energy differences are displayed in figures 20 and 21 for
the various lines and splittings from Tables 5, 6, 7 and 8. The figures also show the
fits with functions of the type f(Z) = bZn, to all eight lines or splittings, but each
figure shows only four of them for better readability. The errors on the b values for
n > 0 are so small that the band cannot be distinguished from the fitted functions.
The values of the coefficients b with their error bars are plotted in figure 22.
All fitted functions tend towards positive energies, contrary to what is observed
for the hydrogenlike ions in figure 16, though the maximum deviation from 0 is
only 2 eV for Z = 100 and n = 5. This is of the same order of magnitude as the
best experimental error bars for uranium measurements. We can then conclude that
there is no significant systematic deviation that can be identified with current data
and theory. The histogram of number of measurements of a given accuracy for a
given atomic number is plotted in figure 23. The situation is quite different from
the n = 2 → n = 1 transitions in H-like ions. At low-Z there are many very
accurate results, some measurements being even performed by laser spectroscopy.
But for medium-Z and high-Z elements the relative accuracy can be quite bad, up to
approximately 6%. There is also a wide range of Z without any accurate measurement
available. There is thus a real need to improve on the latest bent-crystal spectroscopy
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Figure 17: Absolute values of the fit coefficient b for n = 0, . . . , 10 with error bars for
the differences between experiments and the calculation of Yerokhin & Shabaev [178]
for Lyman α transitions in hydrogenlike ions.
results on uranium [331] and extend them to elements in the rare-earth region of the
periodic table.
I then show the equivalent analysis for the n = 2 → n = 1 transitions. The
experimental results for the 1s2p 1P1 → 1s2 1S0 (w) transition are presented in
Table 9, those for the 1s2p 3P1 → 1s2 1S0 (x) transition in Table 10, those for the
1s2p 3P2 → 1s2 1S0 (y) transition in Table 11 and those for the 1s2s 3S1 → 1s2 1S0
(x) transition in Table 12. The label between parentheses represents the conventional
notation from Gabriel [341]. Figure 24 represents the different data sets displayed in
Tables 9 to 12 and the weighted fits with bZn, performed in the same conditions as
in the case of hydrogenlike ions and of the ∆n = 0 transitions. The coefficients of the
f(Z) = bZn function as a function of n are plotted in figure 25.
As in the He-like ion fine structure analysis performed first in this section, the fit
error bands are all on the same side of the horizontal axis. This is unlike what was
observed in hydogenlike ions. Yet there are no measurements of equivalent relative
accuracy. This is shown in figure 26, where one can easily see the difference with
respect to hydrogenlike ions, with a smaller number of accurate results at medium
and high-Z. To complete this discussion, I have plotted in figures 27 and 28 the data
from figure 24 and the comparison between the different calculations presented above
on figure 19. These figures clearly show that the difference between different theories,
some of which do not include second-order QED contributions or use obsolete nuclear
sizes, is much smaller than the dispersion among measurements performed for nearby
Z or than the error bars for the heaviest ions.
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Figure 18: Comparison between one and two-loop QED corrections, experimental
uncertainties, and uncertainties on the theoretical energy of the ion due to the
uncertainties on the nuclear size, in parts per million, for the Lyman α1 transitions.
All measurements presented in Table 2 are taken into account. The vertical lines
represent the best measured elements, Ar, Ni, Kr, Pb and U. The horizontal line are
drawn at 1 ppm, 2 ppm, 4 ppm, 10 ppm and 50 ppm.
Table 9: Comparison between experimental and theoretical energies for the
1s2p 1P1 → 1s2 1S0 (w) transition in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev [206]for Z ≥ 12.
1s2p 1P1 → 1s2 1S0 (w)
Z Exp. (eV) Err. Exp.-Th. Reference
7 430.6870 0.0030 −0.0257 [342]
8 573.949 0.011 −0.032 [342]
11 1126.72 0.31 −0.14 [56]
12 1352.329 0.015 0.080 [56]
13 1598.46 0.31 0.16 [56]
14 1864.76 0.42 −0.24 [56]
15 2152.84 0.56 0.41 [56]
16 2461.27 0.49 0.64 [56]
16 2460.69 0.15 0.06 [57]
16 2460.6300 0.021 0.001 [106]
16 2460.6700 0.090 0.041 [291]
18 3139.5927 0.0080 0.0106 [112]
18 3139.5810 0.0092 −0.0011 [106]
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Table 9: 1s2p 1P1 → 1s2 1S0 (w) transition (continued)
1s2p 1P1 → 1s2 1S0 (w)
Z Exp. (eV) Err. Exp.-Th. Reference
18 3139.5517 0.0366 −0.0304 [87]
18 3139.57 0.25 −0.01 [275]
19 3510.58 0.12 0.12 [66]
20 3902.43 0.18 0.06 [57]
20 3902.19 0.12 −0.19 [343]
21 4315.54 0.15 0.13 [66]
21 4315.35 0.15 −0.07 [344]
22 4749.73 0.17 0.09 [66]
22 4749.852 0.072 0.208 [345]
23 5205.592 0.546 0.427 [57]
23 5205.264 0.208 0.099 [66]
23 5205.100 0.140 −0.065 [346]
24 5682.656 0.521 0.588 [57]
24 5682.318 0.398 0.249 [66]
26 6700.762 0.362 0.327 [57]
26 6700.725 0.201 0.291 [66]
26 6700.441 0.049 0.006 [106]
26 6700.90 0.25 0.47 [347]
26 6700.549 0.070 0.114 [348]
27 7245.9 0.6 3.8 [57]
28 7805.75 0.49 0.14 [57]
29 8391.03 0.40 0.00 [57]
29 8390.82 0.15 −0.21 [298]
30 8997.53 0.65 −0.99 [57]
31 9627.45 0.75 −0.76 [57]
32 10280.70 0.22 0.48 [349]
36 13115.45 0.30 0.98 [350]
36 13114.68 0.36 0.21 [351]
36 13114.47 0.14 0.00 [107]
36 13113.80 1.20 −0.67 [352]
38 14666.8 6.1 −2.8 [57]
39 15475.6 2.9 −6.6 [57]
54 30629.1 3.5 −1.0 [280]
54 30619.9 4.0 −10.2 [353]
54 30631.2 1.2 1.1 [286]
92 100626 35 15 [354]
92 100598 107 −13 [277]
There are other measurements available, performed either by beam-foil
spectroscopy or in plasmas, using higher excitations. For beam foil spectroscopy
examples, one can cite the measurement of the n = 4 → n = 1 and n = 3 → n = 1
transitions in He-like iron, performed at the Super-HILAC in Berkeley [357]. The
1s3p 1P1 → 1s2 1S0 line has been observed in potassium and the 1snp→ 1s2 1S0, n =
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Figure 19: Difference between the calculations using the unified relativistic theory
[302], RMBPT, [303], the MCDF method [251,255] and recent improved values [304],
and the calculations of Artemyev et al [206] used as a reference. Differences are divided
by Z2.
5, . . . 10 in argon have been observed and measured relative to the Lyman α1 of
calcium [358].
Finally, I present in Table 13 the direct measurements of the ground state energy
of He-like ions, performed at the Livermore Super-EBIT and their comparison with
theory. The agreement with theory is quite good, with deviations at most equal to
1.5σ.
2.2.3. Lithiumlike ions The 1s22p 2PJ → 1s22s 2S1/2 transitions in Li-like ions are
the next logical candidates to test relativistic few-body effects and QED in few-electron
systems. They have been studied both experimentally and theoretically by many
authors. One of the reasons is that on the experimental side, it is possible to create
and excite the fundamental state 1s22s 2S1/2 in heavy ion sources (EBIT), which has
not been possible up to now for one and two-electron ions because of the low rate of
production in the heaviest elements [361–363]. The second reason is that the energies
of the transitions can be measured very accurately with deep UV or low-energy x-ray
spectrometers or using dielectronic recombination at storage rings like CRYRING [98],
TSR [364,365] or the ESR [99]. We thus have many more measurements, with higher
accuracy, since in particular they are not affected by the Doppler shift when the ion
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Table 5: Comparison between experimental and theoretical energies for the
1s2p 3P0 → 1s2s 3S1 transitions in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev et al [206] for Z ≥ 12.
Z 1s2p 3P0 → 1s2s 3S1 Reference
Exp. (eV) Err. Diff. Th.
7 6.49925 0.00014 −0.00030 [309]
8 7.56033 0.00018 −0.00030 [310]
8 7.56036 0.00006 −0.00027 [309]
8 7.56061 0.00037 −0.00003 [311]
9 8.62799 0.00060 −0.00038 [310]
9 8.62817 0.00042 −0.00020 [312]
9 8.62757 0.00036 −0.00080 [311]
10 9.70363 0.00015 −0.00004 [309]
10 9.70340 0.00030 −0.00026 [313]
10 9.70385 0.00030 0.00019 [311]
12 11.88396 0.00091 0.00026 [312]
12 11.88404 0.00011 0.00034 [314]
13 12.9908 0.0014 −0.0001 [314]
14 14.11028 0.00048 −0.00032 [315]
14 14.11124 0.00048 0.00064 [316]
14 14.1082 0.0031 −0.0024 [317]
14 14.11023 0.00047 −0.00037 [314]
15 15.2442 0.0011 −0.0005 [318]
16 16.3905 0.0013 −0.0027 [316]
16 16.39244 0.00087 −0.00076 [319]
16 16.3907 0.0050 −0.0025 [317]
17 17.5615 0.0050 0.0031 [316]
17 17.5651 0.0016 0.0067 [317]
17 17.5651 0.0019 0.0067 [320]
18 18.766 0.031 0.024 [321]
18 18.74195 0.00051 0.00075 [322]
18 18.7469 0.0011 0.0057 [323]
36 44.312 0.032 0.063 [324]
92 260.0 7.9 8.0 [53]
is produced in an ion source.
Theoretical calculations have been performed with a variety of methods. Johnson
et al [227] performed a RMBPT calculation up to third order, but without QED. Later
Seely [366] completed the calculations by adding approximate QED obtained with the
GRASP MCDF package from Dyall et al [367]. Indelicato & Desclaux [262] made
a MCDF calculation using an independently developed MCDF code [225], using the
Welton method for the self-energy screening. Kim et al [368] combined the RMBPT
correlation from [227] with the single configuration values obtained from the MCDF
code developed in Indelicato & Desclaux [262]. Ynnerman et al [369] implemented
a coupled-cluster approach with single and double excitations, and including higher-
order Breit contributions and QED corrections from [163] for uranium. Chen et al [370]
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Table 7: Comparison between experimental and theoretical energies for the
1s2p 3P1 → 1s2s 3S1, 1s2p 1P1 → 1s2s 3S1 and 1s2p 3P1 → 1s2s 1S0 transitions and
for the 1s2p 3P1 → 1s2s 3P0 energy splitting in heliumlike ions. Theory is from Plante
et al [303] for Z < 12 and from Artemyev et al [206]for Z ≥ 12.
Z 1s2p 3P1 → 1s2s 3S1 Reference
Exp. (eV) Err. Diff. Th.
7 6.50027 0.00014 −0.00036 [309]
8 7.56758 0.00014 −0.00034 [310]
8 7.56770 0.00012 −0.00022 [309]
8 7.56786 0.00037 −0.00007 [311]
9 8.64712 0.00036 0.00000 [311]
10 9.74091 0.00023 −0.00004 [309]
10 9.74098 0.00031 [311]
12 11.98714 0.00070 0.00014 [312]
13 13.14520 0.00084 −0.00030 [314]
16 16.798 0.009 0.005 [325]
18 19.341 0.012 −0.045 [325]
1s2p 3P1 → 1s2p 3P2 Reference
9 0.11873568 0.00000012 −0.000028 [332]
1s2p 3P1 → 1s2s 3P0 Reference
Exp. (eV) Err. Diff. Th.
7 0.00104886 0.00000010 −0.00003416 [333]
7 0.00107505 0.00000012 −0.00000796 [334]
12 0.1032953 0.0000019 −0.0000047 [335]
28 −2.33 0.15 −0.006 [336]
47 0.790 0.040 −0.013 [337]
64 18.57 0.19 −0.02 [338]
1s2p 3P1 → 1s2s 1S0 Reference
7 0.12228784 0.00000012 0.00019852 [333]
14 0.89647825 0.00000074 0.00017825 [339]
14 0.896468 0.000025 0.000168 [340]
also did calculations with the coupled cluster method, using a BSpline basis set for the
Dirac equation with higher-order Breit contributions and nuclear deformation. This
work was later extended to more elements, with third order MBPT correlations [371].
Safronova & Shlyaptseva [372] used the 1/Z expansion method up to order 1/Z3,
with relativistic and QED corrections, for 6 ≤ Z ≤ 64. Few-electron ions, 2p → 2s
transition energies, from Li-like to Ne-like Bi, Th and U were calculated using the
MCDF and RMBPT methods [373]. The Saint Petersburg group made successive
calculations with advanced QED corrections, self-energy screening, two-loop diagrams
and two-photon exchange diagrams, completed with higher order correlations from
many-body techniques [374–377]. In particular Yerokhin et al [376] have calculated
the electronic structure part for 4 ≤ Z ≤ 92, and final values with loop QED
corrections for a few elements. These calculations have been recently improved and
extended to other, core-excited Li-like levels for 6 ≤ Z ≤ 36 [378, 379] and up to
Z = 92 more recently [380]. Gu [381] combined RMBPT and RCI techniques to
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Table 8: Comparison between experimental and theoretical energies for the
1s2p 1P1 → 1s2s 3S1, 1s2p 1P1 → 1s2p 3P1 and 1s2p 1P1 → 1s2p 3P2 energy splitting
in heliumlike ions. Theory is from Artemyev et al [206].
Z 1s2p 1P1 → 1s2s 3S1 Reference
Exp. (eV) Err. Diff. Th.
18 35.419 0.011 −0.015 [325]
18 35.37 0.16 −0.06 [58]
21 43.11 0.29 −1.20 [59] (blend)
22 47.76 0.18 0.09 [63]
23 51.60 0.20 0.33 [59]
24 55.11 0.20 −0.03 [59]
25 59.46 0.20 0.15 [59]
26 63.69 0.36 −0.13 [72]
28 73.07 0.48 −0.91 [64]
Z 1s2p 1P1 → 1s2s 3P1
18 15.978 0.079 −0.070 [58]
21 20.78 0.30 −0.01 [59]
22 22.83 0.18 0.12 [63]
23 25.50 0.20 0.66 [59]
24 27.31 0.20 0.09 [59]
25 30.18 0.20 0.30 [59]
26 32.79 0.79 −0.07 [72]
28 40.60 0.49 0.70 [64]
Z 1s2p 1P1 → 1s2s 3P2
18 13.142 0.079 −0.150 [58]
21 15.307 0.296 0.067 [59]
22 15.786 0.181 −0.058 [63]
23 16.882 0.200 0.455 [59]
24 17.290 0.200 0.293 [59]
25 17.107 0.200 −0.446 [59]
26 17.911 0.288 −0.190 [72]
28 18.641 0.489 −0.540 [64]
evaluate transition energies for 1s2nl, n = 2, to 6. Cheng et al [382] and Sapirstein
& Cheng [383] combined RCI and QED calculations with Dirac-Kohn-Sham (DKS)
potentials. Finally the S-matrix method was used together with the DKS potential to
perform a calculation for all 10 ≤ Z ≤ 100 [231]. I will use the latter calculation as
reference theory.
The possibility of making accurate measurements of the 1s22p 2PJ → 1s22s 2S1/2
transitions has also lead to the use of three-electron ions to measure and compare
isotopic shifts and deduce the difference in nuclear radii between different isotopes,
which theory can predict much more accurately for few-electron ions than in neutral
atoms. This method was used for three isotopes of Nd57+ [384]. The isotope shift
between Th and U isotopes was also measured using an EBIT and by comparing
transition energies in Li-like, Be-like, B-like and C-like ions [385]. Calculations of the
isotope shift on the 1s22p 2PJ → 1s22s 2S1/2 transitions for several elements have been
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Table 10: Comparison between experimental and theoretical energies for the
1s2p 3P2 → 1s2 1S0 (x) transitions in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev et al [206] for Z ≥ 12.
1s2p 3P2 → 1s2 1S0 (x)
Z Exp. (eV) Err. Exp.-Th. Reference
18 3128.0 2.0 1.7 [355]
18 3126.283 0.036 −0.007 [87]
18 3126.37 0.40 0.08 [275]
20 3887.63 0.12 −0.13 [343]
21 4300.23 0.15 0.06 [344]
22 4733.83 0.13 0.03 [345]
23 5189.12 0.21 0.38 [346]
26 6682.50 0.25 0.17 [347]
29 8371.17 0.15 −0.15 [298]
32 10259.52 0.37 0.64 [349]
36 13091.17 0.37 0.30 [351]
36 13091.2 1.5 0.33 [352]
54 30594.5 1.7 0.1 [286]
Table 11: Comparison between experimental and theoretical energies for the
1s2p 3P1 → 1s2 1S0 (y) transitions in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev et al [206] for Z ≥ 12.
1s2p 3P1 → 1s2 1S0 (y)
Z Exp. (eV) Err. Exp.-Th. Reference
16 2447.05 0.11 −0.09 [291]
18 3123.521 0.036 −0.01 [87]
18 3123.57 0.24 0.04 [275]
20 3883.24 0.12 −0.07 [343]
21 4294.57 0.15 −0.05 [344]
22 4727.07 0.10 0.13 [345]
23 5180.22 0.17 −0.11 [346]
26 6667.5 0.25 −0.08 [347]
26 6667.67 0.07 0.09 [348]
29 8346.99 0.15 0.00 [298]
32 10221.79 0.35 0.99 [349]
36 13026.8 3 0.68 [350]
36 13026.29 0.36 0.17 [351]
36 13026.15 0.14 0.03 [107]
36 13023.8 2.2 −2.32 [352]
54 30209.6 3.5 3.33 [280]
54 30210.5 4.5 4.23 [353]
54 30207.1 1.4 0.83 [286]
59 36389.1 6.8 −2.19 [356]
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Figure 20: Experiment-Theory [206] differences for the 1s2p 2S+1PJ → 1s2s 3S1 intra
shell transitions or splittings in two-electron ions. All measurements from Tables 5,
6, 7 and 8 are shown, except the 1s2p 1P1 → 1s2s 3S1 transition in V from [59],
which is a blend. The fits to the differences between experiments and the calculation
of Artemyev et al [206] with different functions bZn, n = 0, . . . , 5 are also shown.
The error bands corresponding to (b ± δb)Zn, where δb is the 1σ error on b, are also
plotted. The fits have been performed on all eight transitions presented in this figure
and in figure 21, which have been separated for better readability.
performed in [386] and [387].
The comparison between the different calculations presented above is shown in
Figs. 29 for the 1s22p 2P1/2 → 1s22s 2S1/2 transition and 29 for the 1s22p 2P3/2 →
1s22s 2S1/2 transition. Except for the early calculation by Seely [366], the agreement
is globally quite good, with the same limitations due to the uncertainty on the finite
nuclear size and its evolution over time, whether some second order QED corrections
are included or not, and what part of the electron-electron operator is included in the
correlation energy evaluation.
QED tests with highly-charged ions 39
20 40 60 80
-2.×10-6
-1.×10-6
0
1.×10-6
2.×10-6
3.×10-6
Z
(Exp
.-Th
eo
ry
)/Z4 (
eV
)
1s2p 3P1 →1s2p 3P0
1s2p 3P1 →1s2s 1S0
1s2p 1P1 →1s2p 3P1
1s2p 1P1 →1s2p 3P2
Z0 Z Z2 Z3 Z4 Z5
Figure 21: Experiment-Theory [206] difference for the 1s2p 3P1 → 1s2p 3P0,
1s2p 3P1 → 1s2s 1S0, 1s2p 1P1 → 1s2p 3P1 and 1s2p 1P1 → 1s2p 3P2 intra shell
transitions or splittings in two-electron ions. All measurements from Tables 5, 6, 7
and 8 are shown.The fits to the differences between experiments and the calculation
of Artemyev et al [206] with different functions bZn, n = 0, . . . , 5 are also shown.
The error bands corresponding to (b ± δb)Zn, where δb is the 1σ error on b, are also
plotted. The fits have been performed on all eight transitions presented in this figure
and in figure 20, which have been separated for better readability.
Table 14: Comparison between experimental and theoretical [231] energies for the
1s22p 2P1/2 → 1s22s 2S1/2 transition in lithiumlike ions
1s22p1/2 → 1s22s1/2 Reference
Z Experiment Error Diff. Th.
10 15.88870 0.00025 −0.00110 [389]
10 15.88881 0.00020 −0.00121 [390]
11 17.86141 0.00037 −0.00081 [389]
11 17.8614 0.0010 −0.0008 [364]
12 19.83938 0.00063 −0.00118 [73]
12 19.83896 0.00037 −0.00076 [389]
13 21.82271 0.00050 −0.00081 [389]
14 23.81015 0.00091 0.00215 [73]
14 23.81253 0.00037 −0.00023 [389]
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Table 14: 1s22p 2P1/2 → 1s22s 2S1/2 transition (continued)
1s22p1/2 → 1s22s1/2 Reference
Z Experiment Error Diff. Th.
15 25.80979 0.00149 0.00201 [389]
16 27.81723 0.00125 0.00257 [73]
16 27.81871 0.00074 0.00109 [389]
17 29.8379 0.0015 0.0001 [389]
18 31.86353 0.00164 0.00457 [73]
18 31.86642 0.00087 0.00168 [389]
18 31.86370 0.00057 0.00440 [391]
18 31.8671 0.0012 0.0010 [309]
20 35.9625 0.0021 −0.0002 [73]
20 35.9614 0.0010 0.0009 [389]
21 38.020 0.040 0.011 [392]
22 40.1159 0.0019 −0.0035 [71]
22 40.11496 0.00099 −0.00256 [389]
22 40.1150 0.0012 −0.0026 [309]
24 44.3291 0.0032 −0.0082 [73]
24 44.3230 0.0032 −0.0021 [71]
24 44.3276 0.0037 −0.0067 [389]
25 46.4569 0.0035 −0.0064 [73]
25 46.4586 0.0050 −0.0081 [389]
26 48.6022 0.0038 −0.0033 [73]
26 48.6003 0.0038 −0.0014 [65]
26 48.6001 0.0019 −0.0012 [393]
26 48.6033 0.0019 −0.0044 [71]
26 48.6012 0.0031 −0.0023 [389]
28 52.9395 0.0045 0.0112 [73]
28 52.9530 0.0045 −0.0023 [65]
28 52.9467 0.0038 0.0040 [394]
28 52.9496 0.0023 0.0011 [71]
28 52.960 0.014 −0.009 [328]
29 55.1531 0.0049 0.0027 [65]
29 55.1595 0.0027 −0.0037 [393]
29 55.1543 0.0025 0.0015 [71]
30 57.3839 0.0029 −0.0018 [394]
32 61.8992 0.0062 0.0043 [65]
32 61.9008 0.0019 0.0027 [393]
32 61.9023 0.0031 0.0012 [71]
34 66.5294 0.0071 −0.0098 [65]
34 66.5294 0.0025 −0.0098 [393]
34 66.5240 0.0054 −0.0044 [71]
36 71.241 0.011 −0.001 [69]
36 71.235 0.033 0.005 [395]
36 71.243 0.012 −0.003 [65]
36 71.2430 0.0080 −0.0031 [396]
36 71.284 0.016 −0.044 [324]
36 71.241 0.011 −0.001 [71]
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Table 14: 1s22p 2P1/2 → 1s22s 2S1/2 transition (continued)
1s22p1/2 → 1s22s1/2 Reference
Z Experiment Error Diff. Th.
39 78.5396 0.0045 −0.0061 [397]
42 86.101 0.012 0.003 [70]
42 86.101 0.012 0.003 [71]
47 99.4379 0.0072 −0.0238 [398]
50 107.9109 0.0075 −0.0139 [399]
54 119.811 0.012 0.010 [400]
54 119.816 0.042 0.005 [401]
54 119.8204 0.0081 0.0006 [399]
56 126.112 0.013 −0.043 [402]
79 216.134 0.096 0.084 [99]
82 230.650 0.081 0.110 [99]
92 280.59 0.10 0.06 [55]
92 280.516 0.099 0.136 [99]
92 280.645 0.015 0.007 [103]
Table 15: Comparison between experimental and theoretical [231] energies for the
1s22p 2P3/2 → 1s22s 2S1/2 transition in lithiumlike ions
1s22p3/2 → 1s22s1/2 Reference
Z Experiment Error Diff. Th.
10 16.09330 0.00010 −0.00050 [390]
10 16.09315 0.00035 −0.00035 [389]
11 18.18761 0.00053 −0.00091 [389]
11 18.18700 0.00100 −0.00030 [364]
12 20.33228 0.00067 −0.00078 [73]
12 20.33180 0.00053 −0.00030 [389]
13 22.54132 0.00070 −0.00102 [389]
14 24.82514 0.00099 0.00066 [73]
14 24.82635 0.00053 −0.00055 [389]
15 27.2050 0.0021 −0.0024 [389]
16 29.6847 0.0014 0.0003 [73]
16 29.6863 0.0011 −0.0013 [389]
17 32.2891 0.0021 0.0016 [389]
18 35.0357 0.0020 0.0014 [73]
18 35.03803 0.00061 −0.00093 [309]
18 35.0369 0.0012 0.0002 [389]
18 35.03160 0.00059 0.00550 [391]
20 41.0286 0.0027 −0.0044 [73]
20 41.0261 0.0014 −0.0019 [389]
21 44.30943 0.00020 −0.00103 [100]
21 44.312 0.035 −0.004 [392]
21 44.3107 0.0019 −0.0023 [365]
22 47.8150 0.0037 −0.0002 [71]
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Table 15: 1s22p 2P3/2 → 1s22s 2S1/2 transition (continued)
1s22p3/2 → 1s22s1/2 Reference
Z Experiment Error Diff. Th.
22 47.82012 0.00074 −0.00532 [309]
22 47.8201 0.0014 −0.0053 [389]
24 55.5983 0.0050 −0.0065 [73]
24 55.5958 0.0050 −0.0040 [71]
24 55.5936 0.0015 −0.0018 [393]
24 55.5992 0.0053 −0.0074 [389]
25 59.9247 0.0058 −0.0105 [73]
25 59.9275 0.0070 −0.0133 [389]
26 64.5617 0.0067 0.0003 [73]
26 64.5583 0.0067 0.0037 [65]
26 64.5711 0.0067 −0.0091 [71]
26 64.5596 0.0030 0.0024 [393]
26 64.5665 0.0044 −0.0045 [389]
28 74.9620 0.0091 −0.0072 [65]
28 74.9575 0.0068 −0.0027 [394]
28 74.9620 0.0045 −0.0072 [71]
28 74.976 0.011 −0.021 [403]
29 80.7694 0.0053 −0.0062 [404]
29 80.766 0.011 −0.003 [65]
29 80.768 0.011 −0.005 [71]
29 80.7683 0.0032 −0.0051 [393]
30 87.0303 0.0037 −0.0072 [394]
32 101.022 0.016 0.022 [65]
32 101.042 0.016 0.002 [71]
32 101.0425 0.0049 0.0015 [393]
34 117.298 0.022 0.019 [65]
34 117.314 0.022 0.003 [71]
36 136.173 0.037 0.001 [69]
36 136.246 0.045 −0.072 [324]
36 136.198 0.036 −0.024 [405]
36 136.216 0.090 −0.042 [395]
36 136.157 0.030 0.017 [65]
36 136.173 0.037 0.001 [71]
39 170.135 0.014 −0.038 [397]
42 211.942 0.072 0.040 [70]
42 211.942 0.072 0.040 [71]
47 303.667 0.030 0.000 [398]
54 492.174 0.052 0.032 [401]
74 1697.3 1.0 −1.2 [406]
74 1696.20 0.50 −0.10 [407]
82 2642.26 0.10 −0.09 [408]
83 2788.139 0.039 −0.099 [409]
90 4025.23 0.15 0.02 [410]
92 4459.37 0.27 0.09 [411]
92 4460.9 2.2 −1.4 [92]
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Figure 22: Absolute values of the fit coefficient b for n = 0, . . . , 10 with error bars for
the differences between experiments and the calculation of Artemyev et al [206] for
the n = 2 intra shell transitions or splittings in heliumlike ions.
Table 12: Comparison between experimental and theoretical energies for the
1s2p 3S1 → 1s2 1S0 (z) transitions in heliumlike ions. Theory is from Plante et al [303]
for Z < 12 and from Artemyev et al [206] for Z ≥ 12.
1s2p 3S1 → 1s2 1S0 (z)
Z Exp. (eV) Err. Exp.-Th. Reference
18 3104.161 0.008 0.012 [111]
20 3861.11 0.12 −0.09 [343]
21 4271.19 0.15 0.09 [344]
22 4702.08 0.07 0.10 [345]
23 5153.82 0.14 −0.08 [346]
29 8310.83 0.15 −0.52 [298]
32 10181.33 0.52 0.95 [349]
36 12979.63 0.41 0.36 [351]
54 30126.70 3.90 −2.44 [353]
The comparison between the different available experimental results and the
theoretical calculations of Sapirstein & Cheng [231] is presented in Table 14 for the
1s22p 2P1/2 → 1s22s 2S1/2 transition and Table 15 for the 1s22p 2P3/2 → 1s22s 2S1/2
transition. The same results are plotted in Figs. 31 and 32. I have performed an
analysis of this difference in a manner similar to what was presented in 2.2.1 and
2.2.2. A sequence of f(Z) = bZn functions with n = 0 to 8 have been fitted to
the ensemble of all results from Tables 14 and 15. The results of the fits are plotted
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(a) Complete view
(b) Zoomed view on most accurate values
Figure 23: Histogram of the number of measurements for a given accuracy in parts-
per-million and the atomic number Z for the n = 2 intra shell transitions or splittings
in two-electron ions.
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Table 13: Comparison between experimental and theoretical [206] energies for the
ground state of heliumlike ions. The ionization energies provided in Artemyev et
al [206] have been transformed into total binding energies by subtracting the 1s binding
energy of the corresponding ion, using values from Yerokhin & Shabaev [178].
Z Exp. (eV) Err. (eV) Diff. Th.(eV) Reference
32 13556.9 1.6 −0.5 [300]
36 17294.4 1.7 −2.0 [359]
54 40272.7 3.5 1.0 [300]
66 61731.6 4.3 −4.9 [300]
74 79188 15 6 [300]
76 84006 20 30 [300]
83 102257 14 6 [300]
92 129568.1 9.0 −2.2 [360]
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Figure 24: Fit of the differences between experiments and the calculations of Artemyev
et al [206] for the w, x, y and z transitions in heliumlike ions with different functions
bZn, n = 0, . . . , 5. The error bands corresponding to (b ± δb)Zn, where δb is the 1σ
error bar on b, are also shown. All the data from Tables 9, 10, 11 and 12 are included.
All energy differences are divided by Z2.
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Figure 25: Absolute values of the fit coefficient b for n = 0, . . . , 10 with error bars for
the differences between experiments and the calculations of Artemyev et al [206] for
the w, x, y, z transitions in heliumlike ions.
together with the experiment-theory values in figure 33. The fit parameters are plotted
on figure 34 together with the statistical error bars.
The 1s22p 2P1/2 → 1s22s 2S1/2 transition in lithiumlike uranium has been
measured with very good precision. At the same time many-body effects, first
and second order QED corrections, as well as finite size, nuclear deformation and
recoil corrections have been evaluated with advanced methods. It is thus a complete
benchmark of our ability to evaluate precisely transition energies for very-heavy few-
electron ions. In table 16, I present the details of all contributions to this transition
energy, following the result of Kozhedub et al . [190], which was the first work to
provide good agreement between the most accurate theory and experiment, updated
using the values from [377].
Figure 34 shows results quite similar to what was presented in figure 16 for the
Lyman α of hydrogenlike ions. The error bands are more symmetrical around the
horizontal axis than in the analysis of the n = 2 → n = 1 and ∆n = 0 transitions in
He-like ions (figures 20 , 21 and 24). It shows that several accurate measurements at
medium and high-Z are key for a meaningful comparison with theory. This can be
seen on the histogram of the number of experiments with a given accuracy and atomic
number in figure 35: there are many more accurate experiments of good accuracy
in the range of 40 ≤ Z ≤ 92 and in particular several accurate points for bismuth,
thorium and uranium.
3. Operators other than energy
Over the years there have been measurements and extensive theoretical calculations
of other quantities than energy, notably the hyperfine structure and the Lande´ g-
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Figure 26: Histogram of the number of measurements for a given accuracy in parts
per million and the atomic number Z for the the w, x, y and z heliumlike lines. All
measurements from Tables 9, 10, 11 and 12 are included [294].
factors. The study of hyperfine structure in few-electron ions allows to test QED in
very strong magnetic fields. Because of the very narrow width of transitions between
hyperfine sublevels of the ground state of hydrogenlike ions, it has been proposed
to use them for highly-charged ion atomic clocks, that would be sensitive to drifts
of the fundamental constants [412]. The Lande´ g-factor, beyond the realization of
QED tests, is also important for its potential application to the determination of
fundamental constants like the ratio of the electron to proton mass ratio and of the
fine structure constant. The one-loop QED corrections for these operators correspond
to the diagrams in figure 36. The presence of an extra interaction compared to the
equivalent diagrams for energy, increases considerably the number of diagrams to
evaluate and their complexity.
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Figure 27: Differences between experiments and Artemyev et al [206] calculations,
compared to the differences between several theoretical results and [206], for the w
and x lines. (Plante): [303]; (Drake): [302]; (Indelicato): [251]; (Malyshev): [304]. The
fits to the experiment-theory differences, with functions bZn, n = 0 to 5, for all four
lines are also plotted, together with the error bands. All differences are divided by
Z2.
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Figure 28: Same as figure 27, for the y and z lines.
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(a) Comparison with calculations that do not include second order QED corrections
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Figure 29: Comparison between theoretical calculations and the work of Sapirstein
& Cheng [231] for the 1s22p 2P1/2 → 1s22s 2S1/2 transition in lithiumlike ions. The
calculations from Seely [366] have not been plotted as their behavior at high-Z is
too different from the more recent results. References: A: [381], B: [262], C: [368],
D: [372], E: [369], F: [370], G: [378], H: [374], I: [379], J: [189], K: [388], L: [371]
M: [377], N: [376], O: [375] P: [190]
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Figure 30: Comparison between theoretical calculations and the work of Sapirstein
& Cheng [231] for the 1s22p 2P3/2 → 1s22s 2S1/2 transition in lithiumlike ions. The
calculations from [366] have not been plotted as their behavior at high-Z is too different
from the more recent results. References: A: [381], B: [382], C: [262], D: [368], E: [372],
F: [370], G: [231], H: [378], I: [379], J: [373], K: [383], L: [189], M: [371] N: [377], O: [376],
P: [375]
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Figure 31: Comparison between available experiments and the work of Sapirstein
& Cheng [231] for the 1s22p 2P1/2 → 1s22s 2S1/2 transition in lithiumlike ions.
References: A: [398], B: [73], C: [400], D: [70], E: [401], F: [69], G: [399], H: [395],
I: [65], J: [396], K: [324], L: [394], M: [393], N: [55], O: [71], P: [389], Q: [390], R: [328],
S: [391], T: [99], U: [392], V: [397], W: [309], X: [402], Y: [103], Z: [364] Values are
from Table 14.
Table 16: Comparison between experimental and theoretical energies for
the1s22p 2P1/2 → 1s22s 2S1/2 transition in lithiumlike uranium, following Kozhedub
et al . [190].
Contribution Value (eV) Error (eV) Reference
One-photon exchange 368.83426 [377]
One-electron nuclear size −33.304 0.03 [377]
One-electron first-order QED −42.93 [128]
Two-photon exchange −13.371 [215,374]
Screened QED 1.16 [220,221]
One-electron second-order QED 0.22 0.06 [375]
Three- and more photon effects 0.1370 0.050 [377]
Nuclear recoil −0.07 [208]
Nuclear polarization 0.03 0.01 [78–80]
Total theory 280.706 0.085
Experiment 280.645 0.015 [103]
Experiment 280.52 0.10 [99]
Experiment 280.59 0.10 [55]
QED tests with highly-charged ions 52
20 40 60 80
-0.00010
-0.00005
0.00000
0.00005
0.00010
0.00015
0.00020
0.00025
Z
(Exp
.-Re
f.
C
al
c.
)/Z2 (
eV
)
A B C D E F G H I J
K L M N O P Q R S T
U V W X Y Z AA AB AC AD
Figure 32: Comparison between available experiments and the work of Sapirstein
& Cheng [231] for the 1s22p 2P3/2 → 1s22s 2S1/2 transition in lithiumlike ions.
References: A: [398], B: [73], C: [70], D: [69], E: [404], F: [324], G: [405], H: [395],
I: [65], J: [394], K: [71], L: [411], M: [410], N: [406], O: [407], P: [408], Q: [401],
R: [309], S: [392], T: [365], U: [393], V: [409], W: [390], X: [389], Y: [100], Z: [403],
AA: [391], AB: [397], AC: [92], AD: [364] Values are from Table 15.
3.1. Hyperfine structure
The study of the hyperfine structure of highly charged ions is also intended as a
way to test BSQED, but in a completely different sector: while the main idea behind
measurements of transition or level energies is to test BSQED in strong Coulomb fields,
studies of the hyperfine structures of the inner shells of highly charged ions provides a
test of BSQED in extreme magnetic fields. The magnetic field at the nuclear surface
of bismuth, for example, is 1× 1010 T. In average for the 1s orbital due to the 1/r3
dependence of the magnetic interaction with a dipole, one finds a value of 1× 104 T.
The first accurate experiments on one-electron ions, performed at GSI with the ESR
and Livermore with the super EBIT, started an intense theoretical activity to evaluate
the hyperfine structure on heavy hydrogenlike and later lithiumlike ions taking into
account relativistic, QED and nuclear effects.
For a point nucleus, the hyperfine matrix elements between two levels with total
atomic angular momentum J and J ′ are given by
W (J, J ′) = 〈I, J, F,MF |M (1) · T (1)|I, J ′, F,MF 〉, (31)
where F is the angular momentum of the ion, resulting from adding up the nuclear
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Figure 33: Fit of the differences between experiments and the calculations of Sapirstein
& Cheng [231] for the 1s22p 2PJ → 1s22s 2S1/2 transitions in lithiumlike ions with
different functions bZn, n = 0, . . . , 5. The error bands corresponding to (b ± δb)Zn,
where δb is the 1σ are also shown. The points corresponding to the 1s22p 2P1/2 →
1s22s 2S1/2 and 1s
22p 2P3/2 → 1s22s 2S1/2 have been slightly shifted along the Z axis
to improve legibility.
spin I. Equation (31)) can be transformed as
WJ,J ′ = (−1)I+J+F
{
I J F
J ′ I 1
}
× 〈I||M (1)||I〉〈J ||T (1)||J ′〉. (32)
The nuclear magnetic moment is given by
µIµN = 〈II|M (1)0 |II〉 =
(
I 1 I
−I 0 I
)
〈I||M (1)||I〉, (33)
where µN = e~/(mpc) is the nuclear magneton µN and the 3j symbol is given by(
I 1 I
−I 0 I
)
=
√
I
(2I + 1)(I + 1)
. (34)
This leads to an energy shift
WJ,J = µN
(µI
I
) F (F + 1)− I(I + 1)− J(J + 1)
2
× 〈J ||T
(1)||J〉√
J(J + 1)(J + 2)
. (35)
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Figure 34: Absolute values of the fit coefficient b for n = 0, . . . , 8 with error bars for
the differences between experiments and the calculation of Sapirstein & Cheng [231]
for the 1s22p 2PJ → 1s22s 2S1/2 transitions in lithiumlike ions. The reduced χ2 are
between 0.35 and 0.39.
The operator T
(1)
q is a sum of one-electron operators t
(1)
q :
T (1)q =
∑
t(1)q
=
∑
j
−ie
√
8pi
3
αj · Y (0)1q
(
~ˆrj
)
r2j
, (36)
where α are the Dirac matrices, Y
(0)
1q
(
~ˆrj
)
is a vector spherical harmonic and j the
jth electron of the atom. The radial part is given by[
rk
]
nκn′κ′ =
∫ ∞
0
drrk (Pnκ(r)Qn′κ′(r) +Qnκ(r)Pn′κ′(r)) , (37)
with k = −2. Detailed derivations and definitions can be found elsewhere [413–415].
These tests are made difficult because of the nuclear structure, which contributes
in an even more intricate way than for transition energies. The dependance of the
HFS on the nucleus has three parts. The obvious one is that the energy shift in (35)
is proportional to the magnetic moment of the nucleus. These magnetic moments are
measured by a number of methods on neutral atoms or on molecules, and the relation
between the measured value and the corrected value is complicated. A summary
of the values measured over the years for elements which have been used in HFS
measurements on one or three-electron ions is shown in Table 17. This table includes
in particular recent reanalysis of magnetic moment values of Bi, extracted from earlier
NMR measurements and on new measurements on specific molecules. One can see that
the variations are not negligible.
QED tests with highly-charged ions 55
Figure 35: Histogram of the number of measurements for a given accuracy in parts
per million and the atomic number Z for the 1s22p 2PJ → 1s22s 2S1/2 transitions in
lithiumlike ions. All measurements from Table 14 and 15 are taken into account.
The internal structure of the nucleus has two different effects. The first one comes
from the modification of the atomic wavefunction when changing from a point to a
finite nuclear charge distribution in (3), leading to a change in the matrix element in
(37). This is called the Breit-Rosenthal effect [423].
The second one, called the Bohr-Weisskopf effect [424], comes from changes in (37)
when one assumes an extended magnetic moment distribution. Following [425, 426],
one can replace equation (37) by[
rk
]B.-W.
nκn′κ′ =
∫ Rnuc
0
ds s2ρMag(s)
∫ s
0
dr rk
× (Pnκ(r)Qn′κ′(r) +Qnκ(r)Pn′κ′(r)) (38)
where Rnuc is the radius of the nuclear distribution, which can be infinite in the
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Figure 36: First order QED correction to external interaction corrections like hyperfine
structure (nuclear magnetic moment) or Lande´ g-factors (external magnetic field).
The square represents the external potential interacting with the electron. Diagram
A represents the self-energy correction to the electron wavefunction. Diagram B
represents the vertex correction. Diagram C is the vacuum polarization correction
to the external interaction and diagram D is the vacuum polarization correction to
the electron wave function.
Table 17: Comparison between nuclear magnetic moments µ (in Bohr magneton
units). Measurement method: NMR: Nuclear magnetic resonance, OD: Optical
double resonance, AB/D Rev.: Atomic beam magnetic resonance (direct
moment measurement), revised in tabulation, CFBLS: Collinear fast beam laser
spectroscopy—accelerated beam, OP/RD: Optical pumping with radiative detection.
The last line corresponds to a weighted average of the 2018 values
Symbol Z A I µ -Err. +Err. Method Reference
Pr 59 141 5/2 4.2754 0.0005 0.0005 OD [416,417]
Ho 67 165 7/2 4.173 0.027 0.027 AB/D Rev. [416,417]
4.177 0.005 0.005 Rev. [418]
4.132 0.005 0.005 Rev. [419]
Re 75 185 5/2 3.1871 0.0003 0.0003 NMR [416,417]
Re 75 187 5/2 3.2197 0.0003 0.0003 NMR [416,417]
Tl 81 203 1/2 1.62225787 0.00000012 0.00000012 NMR [416,417]
1.6231 0.0013 0.0013 CFBLS [416,417]
Tl 81 205 1/2 1.63821461 0.00000012 0.00000012 NMR [416,417]
Pb 82 207 1/2 0.592583 0.000009 0.000009 NMR [416,417]
0.58219 0.00002 0.00002 OP/RD [416,417]
0.59665 0.00013 0.00013 corr. Shielding [420]
Bi 83 209 9/2 4.1106 0.0002 0.0002 NMR [416,417]
4.1103 0.0005 0.0002 NMR (Rev.) [417]
4.0900 0.0015 0.0015 HFS [421]
4.092 0.002 0.002 BiF−6 [421]
4.0941 0.0024 0.0032 BiF−6 [422]
4.0907 0.0019 0.0028 Bi(NO3)3 [422]
4.0919 0.0025 0.0036 Bi(ClO4)3 [422]
4.09122 0.00095 0.0036 average new values This work
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case, e.g., , of a Fermi distribution, and ρMag is the nuclear magnetic moment density.
Equation (38) was originally obtained to describe the interaction of the muon magnetic
moment to the electronic one in a muonic atom, using the unretarded part of the
Breit interaction. Here it is used to couple the nuclear magnetic moment density to
the bound electron or muon. If one assumes a Fermi distribution for ρMag it must be
normalized so that
ρMag(r) =
1
µIµN
ρ0Mag
1 + exp r−ct
. (39)
The c and t parameter are defined in (21). The nuclear parameters c and t should not
be identical to their counterpart in the charge distribution, as the neutrons distribution
also impact the magnetic moment distribution. The parameter ρ0Mag is defined so that
the integral of ρMag over the nuclear volume is equal to µIµN . The Bohr-Weisskopf
effect has been evaluated in a number of works for one and three-electron ions [427,428].
In [428], the nuclear part for 207Pb and 209Bi is evaluated in a relativistic model,
with Lorentz covariant current, and gives a result within a few % of the measured
values. Much work has been devoted to calculating the first QED corrections to the
energy shift above. The corresponding one-loop QED diagrams are presented on figure
36. In Boucard & Indelicato [427], the self-energy correction has been evaluated for
the ground state of one and three-electron ions, and all stable isotopes with non-zero
nuclear spin, using a Zα expansion from [429,430]. The vacuum polarization correction
to the wavefunction has been obtained by including the Uehling potential in the Dirac
equation or MCDF equation. Full QED calculations of the self-energy for H-like ions
have been performed in several works, very accurately for low-Z ions [431–433], or
medium and large Z values [434–438].
In lithiumlike ions, the screened self-energy contribution to the HFS has been
evaluated in [439]. Both H-like and Li-like ion QED corrections have been evaluated
in [440]. In parallel, calculations were performed for Li-like Bi, in order to help find
the line which was investigated by laser spectroscopy at GSI [427,441].
Evaluation of the vacuum polarization contribution to the HFS with finite nuclear
size corrections were performed [427,431,435,436,438,442]. The calculation has been
extended to Li-like Bi [427,438,443].
Measurements of the hyperfine structure in one and three electron ions has
been performed mainly at the Livermore EBIT and the ESR storage ring at GSI,
Darmstadt. The spontaneous emission from a hyperfine transition was first observed
in hydrogenlike 165Ho65+, excited by collisions with the electrons in an EBIT [444].
The method was later used to measure the nuclear magnetic moment distribution in
hydrogenlike 185Re74+ and 187Re74+ [445], and 203Tl80+ and 205Tl80+ [446]. More
recently this method was extended to the hyperfine structure of Li-like and Be-like
141Pr [447]. At the ESR, laser spectroscopy was used in hydrogenlike [448–450] and
lithiumlike Bi [450,451] and on hydrogenlike Pb [452]. A different type of experiment
has been performed on Li-like bismuth by comparing x-ray energies of transitions
ending on different hyperfine levels of the ground state 1s22s 2S1/2,F [409], but the
accuracy is not as good as with direct observation with a UV spectrometer.
In the last few years the experimental accuracy on H-like and Li-like Bi has made
tremendous progress, responding to the challenge of the interpretation of the results
with a strong disagreement between theory and experiment [449,450,450].
On the theory side, to tackle the difficulty associated with taking into account
the Bohr-Weisskopf effect, several methods have been used. One consists in combining
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simultaneous calculations with muonic atoms and highly-charged ions, obtaining from
the muonic atoms the nuclear parameters to evaluate the Bohr-Weisskopf effect in the
ions [453]. Yet the uncertainty of the results is greatly affected by the nuclear model
dependence. Nuclear calculations were also used to try to predict the Bohr-Weisskopf
effect. The dynamic-correlation model (DCM) [454, 455] was used to evaluate the
HFS of 165Ho66+, 185Re74+, 187Re74+, 207Pb81+ [454] and 203Tl80+ and 205Tl80+ [455].
Nuclear wavefunctions evaluated with a Wood-Saxon potential were also proposed to
evaluate this effect [435, 453, 456]. The dynamical model of hyperfine interaction has
been used by Labzowsky et al [457]. The Migdal’s finite Fermi system theory was also
used for Pb and Bi in [458]. One can also mention the model-independent approach,
making an analogy between the Bohr-Weisskopf effect and the internal conversion
coefficient anomalies [459].
Table 18 contains the theoretical and experimental values known so far for the
ground state of hydrogenlike ions.
These data are also shown in figure 37. The theoretical values are scattered, due
mostly to the variations in the methods used to treat the Bohr-Weisskopf effect.
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Figure 37: Plot of the experimental and of the corrected theoretical values for the
hyperfine structure of 209Bi82+ presented in table 18. Experiments: from left to
right: [448–451]. Theory: from left to right: [427,434,435,453,454,460–462].
Table 18: Experimental and theoretical HFS transition energies for the ground state
of H-like ions. The value of the nuclear magnetic moment with which the theoretical
calculation have been performed is displayed. The column QED specifies if the
calculation contains QED corrections or not.
Symbol Z A I Exp. (eV) Ex. Err. (eV) Th. (eV) Th. Err. (eV) µI Theo. QED Ref.
Ho 67 165 5/2 2.16513 0.00057 [444]
2.1987 4.1730 n [460]
2.1550 4.1320 y [454]
2.1659 0.0066 4.1320 y [435]
2.189 0.007 4.1770 y [462]
2.1602 4.1320 y [427]
2.1817 4.1730 y [427]
Re 75 185 5/2 2.7194 0.0018 [445]
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Table 18: Experimental and theoretical HFS transition energies in H-like ions
(continued)
Symbol Z A I Exp. (eV) Ex. Err. (eV) Th. (eV) Th. Err. (eV) µI Theo. QED Ref.
2.7638 3.1871 n [460]
2.7064 3.1871 y [454]
2.749 0.01 3.1871 y [435]
2.748 0.01 3.1871 y [462]
2.7408 3.1871 y [427]
Re 75 187 5/2 2.7456 0.0018 [445]
2.7760 0.01 3.2197 y [462]
2.7322 3.2197 y [454]
2.7683 3.2197 y [427]
Tl 81 203 1/2 3.21351 0.00025 [446]
3.2440 1.6223 n [460]
3.2129 1.6217 n [455]
3.229 0.018 1.6223 y [435]
3.229 0.017 1.6217 y [456]
3.2239 1.6223 y [427]
3.22 0.02 [453]
Tl 81 205 1/2 3.24410 0.00029 [446]
3.2748 1.6382 n [460]
3.2390 1.6372 n [455]
3.261 0.018 1.6382 y [435]
3.261 0.018 1.6379 y [456]
3.2549 1.6382 y [427]
3.238 0.009 [453]
Pb 82 207 1/2 1.21589 0.00024 [452]
1.2191 0.5870 n [460]
1.2347 0.5926 y [434]
1.2105 0.0024 0.5822 y [454]
1.215 0.005 0.5926 y [435]
1.215 0.005 0.5926 y [462]
1.2208 0.5822 y [427]
1.2427 0.5926 y [427]
1.222 0.5925 y [458]
Bi 83 209 9/2 5.08403 0.00083 [448]
5.0863 0.0011 [451]
5.08505 0.00013 [449]
5.085027 0.000091 [450]
5.1403 4.1106 n [460]
5.058 0.0080 4.1106 y [434]
5.098 0.0070 4.1106 [453]
5.102 0.027 4.1106 [461]
5.101 0.027 4.1106 y [435]
5.100 0.027 4.1106 y [462]
5.06 0.01 4.1106 y [454]
5.054 4.1106 y [427]
5.124 4.1106 n [463]
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Table 18: Experimental and theoretical HFS transition energies in H-like ions
(continued)
Symbol Z A I Exp. (eV) Ex. Err. (eV) Th. (eV) Th. Err. (eV) µI Theo. QED Ref.
5.111 0.0050 4.110 y [458]
5.089 0.002 4.092 y [421]
Table 19 contains the theoretical and experimental values for the ground state
hyperfine structure of lithiumlike ions. These data are also shown in figure 38.
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Figure 38: Plot of the experimental and theoretical values for the hyperfine structure
of 209Bi80+ presented in table 19. Experiments: from left to right: [409,450,451,464].
Theory: from left to right: [427,440,441,462,465,466].
In order to perform QED tests without measuring the nuclear magnetic moment
distribution or linking it to the internal nuclear structure, another method has been
proposed which consists in combining the measurements of H-like and Li-like ions of
the same element to eliminate the Bohr-Weisskopf contribution [465, 467, 468]. The
so-called specific difference employed in this case is
∆EHFS = E
2s
HFS − ξE1sHFS (40)
where ξ has been evaluated as ξ = 0.16886 for Bi. This approximation is based on the
fact that inside the nucleus, the binding energy of an electron is very small compared
to the nuclear Coulomb potential. The 1s and 2s wavefunctions inside the nucleus are
thus weakly dependent on the respective binding energies. It was thus shown in [460],
that the integrals over the atomic wavefunction for the 1s and 2s, which are used to
evaluate the Bohr-Weisskopf correction (see, e.g., equations (4) to (8) in [465]) differ
only by an overall factor, leading to (40).
Using the new magnetic moment and theoretical values obtained in [421] and
the corresponding HFS energy, one obtains ∆EHFS = 0.061 043(5) eV(30), while the
theoretical value from Volotka et al [440], rescaled with the new magnetic moment
value is −0.061 042(64) eV and the experimental value 0.061 012(5) (21) [450]. All
three values are thus in excellent agreement.
Although the latest experiments and calculations have led to increased precision
and understanding, we are still far from being able to make truly accurate tests
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Table 19: Experimental and theoretical HFS transition energies for the ground state
of Li-like ions. The value of the nuclear magnetic moment with which the theoretical
calculation have been performed is displayed. The column QED specifies if the specific
calculation contains QED corrections or not.
Symbol Z A I Exp. (eV) Ex. Err. (eV) Th. (eV) Th. Err. (eV) µI Theo. QED Ref.
Pr 59 141 5/2 0.19650 0.00120 [447]
0.1974 4.2754 y [465]
0.1975 4.2754 y [427]
Bi 83 209 9/2 0.820 0.026 [409]
0.79750 0.00018 [451]
0.79786 0.00015 [464]
0.7976456 0.0000015 [450]
0.79715 0.00013 4.1106 y [441]
0.8000 0.0040 4.1106 y [465]
0.7928 4.1106 y [427]
0.79716 0.00014 4.1106 y [440]
0.7839 0.0030 4.1106 y [466]
0.79710 0.00020 4.1106 y [462]
0.7983 0.0004 4.0920 y [421]
of QED with HFS. While the weighted QED correction to the 1s HFS energy in
hydrogenlike Bi is ξ∆E1sQED = 5.088 meV and is ∆E
2s
QED = 5.052 meV in lithiumlike
Bi, the value of the difference is only δEQED = ∆E
2s
QED − ξ∆E1sQED = 0.036 meV.
This value is thus 1700 times smaller than the weighted difference of energies δETot.,
and 880 times smaller than the weighted differences of Dirac values or many-body
corrections [440]. The latter contributes only to the Li-like energy. This value is also
5 times smaller than the screened QED correction which is the main QED contribution
to the weighted difference. It should also be noted that the ratio of the QED correction
to the transition energy in hydrogenlike Bi is 5 times larger than δEQED/δETot..
So while the new calculations and measurements of the 209Bi magnetic moments
[421,422] enabled to solve the hyperfine structure puzzle found in the experiment [450],
it does not improve our capacity to test QED. New experiments are planed to work on
this aspect, like a measurement of the hyperfine structure of 208Bi at the ESR to be
able to have system with identical atomic properties and different nuclear corrections.
In preparation for this experiment, the magnetic moment of 208Bi has been recently
remeasured at ISOLDE [469].
3.2. Lande´ g-factors
In this section, I will describe recent progress in theory and experimental
measurements of the bound-electron g-factor in hydrogenlike and lithiumlike ions.
The bound electron g-factor connects the electron dipole magnetic moment and
its total angular momentum
µJ = −g(e)J µB
J
~
, (41)
where µB is the Bohr magneton and J the total angular momentum of the electron.
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The energy of the atom in a magnetic field is then
∆E = −〈a|µJ ·B|a〉. (42)
One can then evaluate
g(e) = −
〈
JMJ |µ(e)z |JMJ
〉
µBMJ
(43)
where µ
(e)
z is the z-component of the electron magnetic moment, andMJ the projection
of J .
For a point nucleus, the Dirac solution for the Lande´ g-factor was derived by
Breit [470]. He found for the 1s of a one-electron atom
g
(e)
Dirac = 2 +
4
3
[√
1− (Zα)2 − 1
]
. (44)
Breit already noted at the time the strong decrease of the g-factor for high-Z. Higher-
order terms, from the Zα expansion in QED were provided in [471,472]. When adding
QED, the Lande´ g-factor can be written as
g(e) = 2
[
g
(e)
Dirac
2
+
(α
pi
)
C(2) +
(α
pi
)2
C(4) +
(α
pi
)3
C(6) + · · ·
]
, (45)
where the C(n) coefficients can be written
C(2n) = A
(2n)
1 + bound QED effects (46)
where A
(2n)
1 is the contribution to the free electron anomalous magnetic moment
of order (α/pi)n (see, e.g., [473]). This expression is also sensitive to finite nuclear
size corrections. A complete description of the different theoretical methods and
contributions can be found in [129,474].
There is a close connection between the Lande´ factor and the HFS described in
the previous section. Shabaev [475] has shown that there exists a link between the
HFS energy and transition probability and the bound-electron g-factor
ωHFSFi→Ff =
α
3
(
∆EHFSFi→Ff
)3
~ (mec2)2
I
2I + 1
[
g
(e)
J −
me
mp
µI
]
(47)
where mp is the proton mass and µI the nuclear magnetic moment as defined in
(33). In this equation, g
(e)
J is the sum of the Breit contribution (44), and of the
QED and finite nuclear size corrections. The transition energy ∆EHFSFi→Ff contains the
corresponding QED and finite size corrections. The magnetic dipole approximation
is very good as the HFS transition wavelength is large compared to the size of the
ions. The radiative corrections to the transitions rate, however are not included. This
allows to extract an experimental value for the g-factor for the elements for which the
transition probability between hyperfine levels has been measured, like 209Bi82+. In
this case one finds 49.5(65) ms [452] leading to g(e) =1.78(12). It would require an
improvement of the transition probability by two orders of magnitude to be sensitive
to the QED corrections through (47).
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In the recent years there has been a strong push to measure very accurately the
g-factor. It can be connected to νL, the Larmor frequency, and to νc, the cyclotron
frequency of an ion trapped in a Penning trap by
g(e) = 2
q
e
me
M
νL
νc
, (48)
where q is the ion charge state, e the unit charge, me is the electron mass and M is the
nuclear mass. With the progress made in the handling of Penning traps over the years,
which allows to measure Lande´ factors and nuclear masses with extreme precision,
and theoretical advances, which allow to evaluate g(e) very accurately provided the
fundamental constants are well measured, equation (48) allows one to deduce the
electron to proton mass ratio. In parallel, for heavier elements, one can think of using
(44) completed with all the QED corrections, which also depend on the fine structure
constant α, to derive it accurately. Since the dependance is in Zα it is of course
better to do it for large values of Z although in this case the nuclear size corrections
start to be large enough to limit the accuracy. More details on both possibilities
and experimental methods can be found in recent reviews [476, 477]. When nuclear
corrections become an issue, the St Petersburg group has proposed a way to limit the
effect of nuclear corrections, in the same spirit as for the hyperfine structure, i.e., to
combine the g-factor of the ground states of hydrogenlike ions and ions with more
electrons. The difference between the g-factor of the 1s level in hydrogenlike ions
and the one of the 2s level in lithiumlike ions has thus been shown to be relatively
independent of the nuclear corrections [478, 479]. In the same way, a comparison of
H-like and B-like g-factors measured in the same spinless isotope of lead [480] allows
to reduce the effect of the nuclear size correction uncertainties.
The evaluation of the different QED corrections to the g-factor are relatively
similar to the hyperfine structure, and are represented by identical diagrams as in
figure 36. The nuclear recoil contribution has also been evaluated in a number
of papers [481–485]. The QED diagrams resemble the ones for the free-electron
anomalous magnetic moment evaluation, with the free electron propagator replaced
by the bound one. It thus suffers from the same complexity, with many more
diagrams to evaluate at a given order than for energy. All-order one-loop radiative
corrections have been evaluated beyond the Breit and Grotch term in several works
[259, 432, 433, 473, 486–492]. The nuclear size correction to the one-loop QED
diagrams have also been calculated [493, 494]. Coefficients for the two-loop QED
correction expansion in Zα, beyond the free electron value [495] have been evaluated
[491, 496, 497]. More recently all-order two-loop radiative corrections have been
calculated as well [498]. The changes between the known Zα expansion results and
the new all-order results are very large.
Recoil corrections are important and have been evaluated in the QED framework
for H-like ions [481, 482, 485]. The effect of the nuclear magnetic moment on the g-
factor for nuclei with non-zero spin has also been evaluated [499]. This could allow to
measure the nuclear magnetic moment via a measurement of the g-factor.
Screened QED corrections for Li-like ions have also been calculated [439,500,501]
as well as recoil corrections [502, 503]. Recent reviews of most contributions are
available in [504] and [474]. As in energy calculations, the g-factor evaluation is
affected by nuclear corrections beyond the finite nuclear size correction. In particular,
nuclear polarization has been studied [505] to see what limitations there could be in
going to higher-Z. It was found that the nuclear polarization effects did set a limit
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of around 1× 10−9 for medium-Z and 1× 10−6 for the heaviest elements leading to
the same kind of limitations to test QED or derive fundamental constants than for
transition energies.
The continuous Stern and Gerlach effect [506] on hydrogenlike ions was used to
measure g(e) on 12C5+ [507–509]. Over time, the trap technology was improved, as
well as the ion creation techniques. Recent experiments used a triple trap design with
a precision trap, an analysis trap and an in situ miniature EBIT [508]. There were also
measurements on hydrogenlike oxygen 16O7+ [510] and 28Si13+ [511–513]. The result
of these measurements, together with the different contributions to the calculation
can be found in tables 20 (for He, C, and O) and 21 for Si and Ca. By comparing the
theoretical and experimental value in Si, it was possible to estimate the next order
missing correction and improve the theoretical value for C [508, 509]. The improved
semi-theoretical value is 2.001 041 590 179 8(47) to be compared with the fully
theoretical value from table 20 of 2.001 041 590 176(6). Assuming this improved value
of g(e) it was possible to obtain the electron mass as me =0.000 548 579 909 069 4(155) u
[507–509], a 13-fold improvement compared to the 2010 CODATA value [24]. The
current 2014 CODATA value is 0.000 548 579 909 070(16) u, clearly dominated by this
improved result [25]. In 2017, improved theory slightly shifted the electron mass
to 0.000 548 579 909 065(16) u [514]. This work also proposed new measurements to
improve the result, like in He+. The table shows that at the moment, for light
to medium-Z elements, the nuclear contribution is limited to the finite nuclear size
correction, and will not constitute a limitation for improving fundamental constants.
In the future the new setup ALPHATRAP should help improve the results even
more [477,515].
Lithiumlike 28Si11+ [516] and 40Ca17+ [514] were then measured. A comparison
between two doubly magic isotopes of Ca, 40Ca17+ and 48Ca17+, was also performed
[517], enabling a better understanding of the nuclear effects.
4. Conclusion
In this review, I have analyzed four decades worth of experimental and theoretical
results on transition energies, hyperfine structure splitting and Lande´ g-factors in
few-electron ions.
A complete analysis of the experiment-theory differences show that there are
no significant deviations between experiment and theory as a function of Z for the
2p → 1s transitions in one and two-electron systems, nor in the ∆n = 0, n = 2
transitions or splitting in heliumlike and lithiumlike ions. The measurements of the
ground state energy in two- and three-electron systems are also in good agreement
with theory. Yet it is clear that there is a lack of measurements in the range of atomic
numbers 36 ≤ Z ≤ 80. Concomitantly the distribution of experimental accuracies
for one- and two-electron ions is asymmetric, with few accurate measurements in
the range 10 ≤ Z ≤ 36 (accuracies lower than 20 ppm) and almost none above. In
that sense, the 1s22p → 1s22s transitions in three-electron ions represent the more
coherent set of available data for few-electron ions, even though the theory is obviously
more difficult to handle. There is thus a clear need for both improved measurements
with ion sources whenever possible, performed with reference-free methods. Such
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Table 20: Theoretical contributions to the Lande´ g-factor and comparison with
experiment for He, C and O. The value corresponding to [508, 509] has been derived
from equations (3), (53), (55) and (56) in [509].
Z 2 6 8 Ref.
A 4 12 16
nuclear radius(fm) 1.681 2.4703 2.7013
Contribution order
Dirac 1.99985798882537 1.9987213543921 1.99772600306 [470]
Finite nuclear size 0.00000000000230 0.0000000004074 0.00000000155 [518]
One loop QED (Zα)0 0.00232281946485 0.0023228194649 0.00232281946 [7, 25]
(Zα)2 0.00000008246219 0.0000007421597 0.00000131940 [471]
(Zα)4 0.00000000197670 0.0000000934220 0.00000024007 [491]
h.o. SE 0.00000000003542 0.0000000082826 0.00000003443 [488,490,491]
SE-FS 0.00000000000000 −0.0000000000007 0.00000000000 [494]
h.o. VP-EL 0.00000000000252 0.0000000005559 0.00000000224 [494,519]
VP-EL FS 0.00000000000000 0.0000000000002 0.00000000000 [494]
h.o. VP-ML 0.00000000000016 0.0000000000381 0.00000000016 [494,519]
h.o. VP-ML FS 0.00000000000000 0.0000000000000 0.00000000000 [520,521]
Two-loop QED (Zα)0 −0.00000354460449 −0.0000035446045 −0.00000354460 [494,520]
(Zα)2 −0.00000000012584 −0.0000000011325 −0.00000000200 [522,523]
(Zα)4 (w/o LBL) 0.00000000000241 0.0000000000601 0.00000000008 [471]
LBL at (Zα)4 −0.00000000000039 −0.0000000000315 [491,524]
≥ (Zα)5 S(VP)E 0.00000000000000 0.0000000000000 [525]
≥ (Zα)5 SEVP 0.00000000000003 0.0000000000069 [498]
≥ (Zα)5 VPVP 0.00000000000003 0.0000000000055 [498]
≥ (Zα)5 SESE (estimate) 0.00000000000000 −0.0000000000012 0.00000000005 [498,526]
Three-loop QED (Zα)0 0.00000002949795 0.0000000294980 0.00000002950 [482]
(Zα)2 0.00000000000105 0.0000000000094 0.00000000000 [471]
Recoil m/M all-orders 0.00000002920251 0.0000000877251 0.00000011710 [482]
(m/M)2 order (Zα)2 0.00000000001201 −0.0000000000281 −0.00000000013 [484]
Radiat Recoil −0.00000000002261 −0.0000000000679 [129,471]
Other corrections Nuclear polarizability 0.00000000000000 0.0000000000000 [505]
Nuclear susceptibilty 0.00000000000000 0.0000000000000 [527]
Weak interaction (Zα)0 0.00000000000006 0.0000000000001 [25,528]
Hadronic effects (Zα)0 0.00000000000347 0.0000000000035 [529–531]
Total Theory 2.00217740673570(87) 2.0010415901650(6) 2.00004702036(11)
Theory corrected 2.00217740671168(87) 2.0010415901652(51)
Experiment 2.0010415964(45) 2.0000470254(46)
Exp. Reference [507] [510]
Experiment 2.001041590180(56)
Exp. Reference [508,509]
measurements are mostly immune to the difficulties connected to the Doppler effect
determination on storage rings. One can hope to see improved EBIT with higher
intensity currents and higher energies for the electron beam. There is exploratory work
to be performed on the x-ray emission of plasmas with the new generation of high-
frequency, supraconducting ECRIS [532]. The FAIR facility [294, 533], some sections
of which have become operational recently, in particular the CRYRING storage
ring [534], will provide new possibilities to perform more accurate measurements on
highly charged ions. The installation of CRYRING, which allows to decelerate highly
charged ions to much lower energies than possible in the ESR, together with improved
measurements of the ions’ energy using voltage measurement devices calibrated by the
PTB, which have already been used in the latest generation of HFS measurements,
will undoubtedly allow for more accurate measurements. The development of methods
like laser spectroscopy on fast ions in the FAIR synchrotron SIS, using the Doppler
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Table 21: Theoretical contributions to the Lande´ g-factor and comparison with
experiment for Si and Ca.
Z 14 20 Ref.
A 28 40
nuclear radius(fm) 3.1223 3.4764
Contribution order
Dirac 1.993023571557 1.9857232037 [470]
Finite nuclear size 0.000000020468 0.0000001130 [518]
One loop QED (Zα)0 0.002322819465 0.0023228195 [7, 25]
(Zα)2 0.000004040647 0.0000082462 [471]
(Zα)4 0.000001244596 0.0000025106 [491]
h.o. SE 0.000000542856 0.0000031077 [488,490,491]
SE-FS −0.000000000068 0.0000000000 [494]
h.o. VP-EL 0.000000032531 0.0000001727 [494,519]
VP-EL FS 0.000000000022 0.0000000000 [494]
h.o. VP-ML 0.000000002540 0.0000000146 [494,519]
h.o. VP-ML FS −0.000000000001 0.0000000000 [520,521]
Two-loop QED (Zα)0 −0.000003544604 −0.0000035446 [494,520]
(Zα)2 −0.000000006166 −0.0000000125 [522,523]
(Zα)4 (w/o LBL) −0.000000001318 −0.0000000109 [471]
LBL at (Zα)4 −0.000000000933 [491,524]
≥ (Zα)5 S(VP)E 0.000000000009 [525]
≥ (Zα)5 SEVP 0.000000000458 [498]
≥ (Zα)5 VPVP 0.000000000315 [498]
≥ (Zα)5 SESE (estimate) −0.000000000082 0.0000000041 [498,526]
Three-loop QED (Zα)0 0.000000029498 0.0000000295 [482]
(Zα)2 0.000000000051 0.0000000000 [471]
Recoil m/M all-orders 0.000000206100 0.0000002974 [482]
(m/M)2 order (Zα)2 −0.000000000060 −0.0000000003 [484]
Radiat Recoil −0.000000000159 [129,471]
Other corrections Nuclear polarizability 0.000000000000 [505]
Nuclear susceptibilty 0.000000000000 [527]
Weak interaction (Zα)0 0.000000000000 [25,528]
Hadronic effects (Zα)0 0.000000000003 0.0000000000 [529–531]
Total Theory 1.995348957722(71) 1.9880569507(100)
Theory corrected 1.995348957708(156)
Experiment 1.99534895910(81)
Exp. Reference [513]
effect to shift the laser energy to several keV, or like RCE on higher-energy beams,
will provide new ways to measure transition energies in lithiumlike ions in particular.
The HITRAP beam line [535–537], which allows to decelerate fast ion beams from
the ESR, will also bring new possibilities. In this system, one can cool and trap ions in
two different trap systems, one oriented towards measurements using the continuous
Stern-Gerlach method to measure heavy ion masses and Lande´ factors, and the other
one towards laser spectroscopy of ultra-cold highly charged ions. HITRAP can be
used, for example, for measuring the mass of successive charge states differing by one
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electron, including bare ions, permitting a direct measurement of binding energies.
Measurements with accuracies approaching 1× 10−11 are already in progress using
the PENTATRAP high-precision traps [538, 539]. This will provide mass differences
with a few electronvolt accuracy, compatible with the best available measurements by
photon spectroscopy.
The analysis of the theoretical contributions to hydrogenlike ion transition
energies shows that at some point the contribution from the nucleus, through the
finite nuclear size correction, nuclear deformation and nuclear polarization, is going
to be the limitation to our understanding of strong field QED. This is also true for
hyperfine structure measurements and to a lesser extent for g-factor measurements.
There is thus a clear need in the long run to improve our understanding of nuclear
structure and its interaction with the ion’s electrons. This will probably require
combining measurements performed with muonic atoms like projected in the muX
collaboration [540] at the Paul Scherrer institute with those of electronic atoms. The
use of pionic or antiprotonic atoms [541,542] could complement our understanding of
the nuclear structure.
Besides bringing a better comprehension of QED, one of the four fundamental
interactions in physics, in strong electrostatic and magnetic fields, this field of research
is also of major interest for other areas of fundamental physics. Obtaining improved
accuracy on the electron mass is a major issue in the determination of fundamental
constants. Search for new physics with high precision measurements in atoms and ions
is also an important issue [119,543]. The determination of the fine structure constant
by comparing three independent methods based on different sectors of physics is a
very promising direction of research, which has already set strong constraints on new
physics. One can combine the use of one and three electron ions’ Lande´ g-factor,
which uses strong field QED, with the free electron anomalous magnetic moment
measurements [544, 545], and calculations of higher-order QED [546], including weak
and strong interaction contributions, with direct measurements with cold atom
interferometry which do not depend on QED [547–549].
Better knowledge of transition energies in few-electron atoms can also help confirm
or inform observation of unknown effects that could be linked to the identification
of dark matter or new particles. For example, there has been discussion about
the possible discovery of dark matter through the observation of x-ray spectra with
energies around 3.5 keV by the XMM-Newton ( X-ray Multi-Mirror-Newton) space
x-ray telescope [550, 551]. But spectroscopy performed at the Livermore EBIT has
allowed to attribute these spectra to a set of lines from highly-charged sulfur ions [552].
Later observation by the high-resolution x-ray spectrometer of the HITOMI satellite
did not confirm the original observations [553]. In the same way, there are now several
propositions to check for the possible existence of a new light neutral boson, which
may explain a signal observed in the nuclear spectroscopy of 8Be [554]. Several works
propose to study the effect of this boson on muonic atoms [555] or in the isotopic
shift [556–558].
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